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How Many Balance Functions Does It Take To Determine A Utility Function?

John W. Pratt

Abstract.  Call b your balance function at wealth W if you are indifferent between W and a 50-50 lottery with outcomes x and b(x).  How far do given balance functions restrict your utility function u?  Given one balance function, u is arbitrary on one side of W but then determined on the other.  Given two, u is arbitrary between the two W's but then determined elsewhere.  Additional properties of u restrict the balance functions but do not ordinarily make u unique.  For three balance functions, an algorithm is given using minimal domains of definition that determines the balance points' relative utilities.  If these are irrational, then the set S generated by applying all combinations of b's to W's is dense and u is determined.  If finitely many balance functions are rationally related, then S is discrete, a further algorithm is given that determines it, the values of u on S are equally spaced, and u is arbitrary between any two adjacent points of S but then determined elsewhere.  Infinitely many balance functions determine u unless they are rationally related in a uniform way.
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1. Introduction


How much would you pay for a 50% chance of a monetary prize?  What gain would just compensate you for a 50% chance of a given loss?  These and similar questions lead one to focus on what we shall call the balance function b, defined by the property that a given decision-maker is indifferent between the status quo and a 50-50 lottery with outcomes x and b(x).  The balance function depends on the decision-maker, of course, and on the status quo, or initial wealth W.  If a decision-maker uses a utility function u, it determines b for every W.  Questions about the converse inspired the present paper when raised recently by Paul Samuelson (personal communication, 2000), but their interest is practically prehistoric.  Samuelson (1992) reports that the idea had come to him in his teens that the just-acceptable gain as a function of loss and wealth "can tell you: one, whether I am maximizing the expected value of any existent utility-of-wealth function; and two, how fast quantitatively its marginal utility declines with higher wealth levels."  Thus the whole family of balance functions determines u (and conversely).  But how many are needed?


The balance function b for one W clearly does not determine u.  In fact, u could be chosen arbitrarily on one side of W and then determined on the other side to agree with b by the fundamental balance condition (1) below.  When this is done, properties of u on one side, such as risk aversion, do not necessarily extend to the other side, and there are conditions on b itself.  Nevertheless, if there is any utility function with the properties desired, there are typically infinitely many.  This is discussed in Section 2.


If balance functions b0 and b1 are given for two initial wealths W0 and W1, we shall see in Section 3 that we can still choose u arbitrarily between W0 and W1.  Applying the balance functions b0 and b1 repeatedly will then determine u in agreement with b0 and b1 on an expanding sequence of intervals beyond which the balance functions do not reach.  While monotonicity, risk aversion, decreasing risk aversion, and other conditions can be added, we will see from examples that they generally do not remove the essential arbitrariness of u on [W0, W1], although they may lead to contradiction.  Indeed, not only may such conditions be incompatible with b0 or b1, they may also be compatible with b0 alone and b1 alone but not with both simultaneously.


What if balance functions are given for three or more initial wealths?  It turns out that three may or may not suffice to determine u, and the same is true of any larger number.  The key lies in the set S of values generated by applying all combinations of the balance functions to all the initial wealths.  As shown in Sections 4 and 5, this set may be either discrete or dense, no matter how many initial wealths there are.  When S is discrete, u can be chosen arbitrarily between any one pair of adjacent values in S.  It will then be determined elsewhere.  (Its values on S will be equally spaced.)  If S is dense, however, then u is completely determined by the balance functions.  This can happen for as few as three initial wealths.  In either case, monotonicity, risk aversion, and further properties add conditions on the balance functions, as well as on the arbitrary u when S is discrete.  Indeed, it would be all too easy to choose three balance functions that are incompatible even with any monotonic utility.


Two immediate relatives of the balance function may be mentioned.  Raiffa (1968, p. 192) introduces the function g where g(x) is the maximum an individual would be willing to lose to get an equal chance at winning x, that is, the individual is indifferent between the status quo and a 50-50 lottery with payoffs x and -g(x).  Thus g = -b when W = 0 and g(x) = W - b(W + x) generally.  Raiffa uses g to discuss risk sharing, not utility determination.  Also closely related is the certainty equivalent of a 50% chance of gaining x, say f(x), which makes the individual indifferent between receiving f(x) for sure and a 50-50 lottery with payoffs 0 and x.  Here the lowest outcome remains fixed.  Then the nth iteration fn(x) is the certainty equivalent of a 1/2n chance of x, and it is not hard to show that, if u'(W) is finite, then u(W + x) - u(W) = u'(W)limn(( 2nfn(x), so f determines u on [W, () (Pratt, 1961).  For assessing a utility function, however, I still prefer chained 50-50 gambles (Schlaifer, 1969, Ch. 5).

2. One balance function


We investigate first the constraints imposed if a single balance function b is to agree with a utility function u.  (We assume throughout that u is strictly increasing.)  For convenience later, we express the lottery outcomes in terms of total wealth rather than changes.  (This frame of reference is also arguably more trustworthy [Schlaifer, 1969, Section 5.4.4].)  Thus if x > W, a gain, we will have b(x) < W, a loss, and vice versa.  The balance function b for initial wealth W is determined from u by

(1)
u(x) + u(b(x)) = 2u(W).

However, u clearly cannot be determined from b.  If u satisfies (1), then so does v if (and only if) v(x) - v(W), as a function of x, is an increasing, odd function of u(x) - u(W).


More constructively, given any b, one can choose u arbitrarily above W and then determine u below W by (1), or vice versa.  Every such u agrees with b.  However, properties of u on one side of W do not carry over automatically to the other side of W or to W itself.  In particular, the choice of u on one side of W must satisfy conditions beyond risk aversion and decreasing risk aversion for these conditions to hold on the other side, and there are conditions on b itself.  We discuss this next.  (References for and relations among many properties, including all those mentioned here, can be found in Gollier and Pratt [1996] and Pratt [1992].)


We assume unless otherwise indicated that b is differentiable as many times as needed.  Even without reference to utility, the underlying concept of balance requires:

(2) b(W) = W;  b(x) </> W for x >/< W;  and b(b(x)) = x and b'(x) < 0 for all x.

This also follows from (1).  If b is differentiable at W, as it must be if it agrees with a differentiable utility function, (2) implies

(3) b'(W) = -1.

Further differentiation (see the Appendix) gives 

(4) b"'(W) = -1.5[b"(W)]2
and higher-order conditions at W.  These conditions will not be used here, but we note that it would be quite remarkable if a directly chosen balance function satisfied them.


Now suppose a balance function b is given on an interval [W', W"] whose endpoints balance, that is, W' < W < W" with W' = b(W") and W" = b(W').  (We take the interval [W', W"] closed for simplicity, but the endpoints need not be included.  In particular, they not be finite.  Regardless, we require b(W) ( W' as W ( W".  We omit discussion of such details hereafter.)  Suppose u is chosen somehow on [W', W] or [W, W"] and defined on the remainder of [W', W"] by (1), i.e.,

(1')
u(x) = 2u(W) - u(b(x)) for all x,

where b satisfies (2).  Then u agrees with b.  Do properties of u on [W', W] or [W, W"] carry over to [W', W"]?  The following result is trivial except at W, where it follows easily from (1) - (3).

Proposition 1.  Suppose (1) and (2) hold.  Then u is increasing, continuous, differentiable, or continuously differentiable on [W', W"] if and only if it has the same property on [W', W] or [W, W"].


To go further, we use the relation of u"/u' on one side of W to u"/u' (and b) on the other side:

(5) u"(b(x))/u'(b(x)) = (u"(x)/u'(x) - b"(x)/b'(x))/b'(x) for all x.

This follows from (A5) and (A6) in the Appendix and implies

(6) -u"(W)/u'(W) = ½b"(W),

that is, the local risk aversion at W is ½b"(W).  (This could also be obtained directly from the mean-variance ratio of the 50-50 gamble between x and b(x) as x(W.)  We must therefore choose u to satisfy (6).  We then deduce easily from (A5), (5), and a more complicated counterpart for the negative prudence u"'/u" (see the Appendix), recalling that b is decreasing:

Proposition 2.  Suppose (6) and all conditions of Proposition 1 hold.  Then u is twice continuously differentiable on [W', W"] if and only if it is twice continuously differentiable on [W', W] or [W, W"].  In this case, u is risk averse (concave) on [W', W"] if and only if

(7) u' and u'/b' are decreasing, equivalently b"/b' < u"/u' < 0, on [W', W] or [W, W"];

u is decreasingly risk averse (-u"/u' is non-negative and decreasing) on [W', W"] if and only if (7) holds and

(8)
-u"/u' and (u"/u' -b"/b')/b' are decreasing on [W', W] or [W, W"];

and u is decreasingly prudent (-u"'/u" is decreasing) on [W', W"] if and only if

(9)
-u"'/u" and {[u"'/u' - b"'/b']/[u"/u' - b"/b'] - 3b"/b'}/b' are decreasing on [W', W] or [W, W"].

For strict risk aversion, the decrease in (7) must be strict; equivalently, the inequalities in (7) must be strict on a dense set. For strictly decreasing risk aversion or prudence, the decrease in (8) or (9) must be strict.


Propositions 1 and 2 show how much freedom one has in choosing a utility function to agree with a given balance function.  For another perspective, suppose a utility function u and an initial wealth W are given.  Let v(x) = f(u(x) - u(W)) where f is an increasing, odd function, that is, f(y) = -f(-y) for all y.  Then v is a utility function with the same balance function at W as u, and it will have other properties of u if f is close enough to the identity function.  For example,

(10) v"/v' = u'f"(u - u(W))/f'(u - u(W)) +u"/u',

and v will be strictly risk averse and strictly decreasingly risk averse if (and only if) v"/v' is negative and strictly increasing, which it will be if u"/u' is and if f"/f' is small enough.  We omit similar conditions on prudence since they are straightforward to obtain and seem unrevealing.

Example 1.  Let b(x) = -log(2 - e-x) for x > -log2.  This is the balance function for W = 0 of the utility function u(x) = -e-x on (-log2, ().  (Losses greater than log2 cannot be balanced, in view of the upper bound on u.)  Then

(11)
b'(x) = 1/(1 - 2ex) and b"(x) = 2ex/(1 - 2ex)2.

With r = -u"/u', the conditions for positive, decreasing risk aversion, (6) - (8) on [0, (), are

(12)
r(0) = 1 and, for x > 0, 0 < r < 2ex/(2ex - 1) and r and (2ex - 1)(r - 1) - 1 are decreasing.

It is easy to see that, if r is positive and decreasing on [0, () and r(0) = 1, then the remaining conditions of (12) will hold.  Any such function r is compatible with the balance function b, that is, defining u = (e-(r on [0, () and extending it to (-log2, 0) by (1') gives a decreasingly risk averse utility function u on (-log2, () with balance function b.  Since u must have risk aversion ( 1 for x > 0 and -e-x has constant risk aversion 1, it is borderline in the sense of being as risk averse as possible for x > 0, but its balance function b nevertheless does not determine u.


Note that, in our terminology, u and b agree, and they are compatible, if (1) holds on a chosen domain where b is defined, although u may be defined elsewhere.  The domain of b may be restricted to satisfy other conditions, or b may not have been defined everywhere it could be, or some values of x may be impossible to balance because u is bounded, as in Example 1.  The balance function of u means all solutions of (1), though it will not appear in formal statements.


In the following situation, the balance function does determine u.  To simplify notation, we assume W = 0 and u(0) = 0.

Proposition 3.  Let b(x) = -ax for x > 0; then b(x) = -x/a for x < 0.  If b agrees with a risk averse utility function u, then 0 < a < 1 and u(x) = acx for x > 0 and u(x) = cx for x < 0 for some c > 0.  (Since u is linear below 0, decreasing risk aversion is impossible unless a = 1 and u is linear everywhere.)


This is a special case of the following result which we will need later.

Lemma 1.  If b is linear on [w', w"] and agrees with a risk averse utility function u, then u and b are each linear on both [w', w"] and [b(w"), b(w')].  Specifically, for some positive constants a and c, we have b'(x) = -a and u'(x) = ac > 0 for w' < x < w", and b'(x) = -1/a and u'(x) = c for b(w") < x < b(w').  Furthermore, if w' > W, then a < 1; if w" < W then a > 1; and if w' < W < w", then a = 1.


This follows easily from (2), (7), and straightforward calculation.  Intuitively, if b is linear and u passes above its chord on [w', w"], then u passes below its chord on [b(w"), b(w')] and hence cannot be concave.

3. Two balance functions


Now suppose balance functions are given at two initial wealths, say b0 at W0 and b1 at W1, with W0 < W1.  We assume b0 < b1 because, even without reference to utility, it should take more to balance x at W1 than W0.  We also assume throughout this section that b0 and b1 are both defined on at least the interval [W0, W1].


In the absence of additional conditions, we can still choose a utility function u arbitrarily between W0 and W1.  Applying the two balance functions repeatedly will then determine u at all points reached thereby, and the u thus determined will agree with both balance functions.  Specifically, applying (1') to b0 for W0 < x < W1 determines u on [b0(W1), W0] and applying (1') to b1 for W0 < x < W1 determines u on [W1, b1(W0)]; then applying (1') to b0 on [W1, b1(W0)] determines u on [b0(b1(W0)), b0(W1)] and applying (1') to b1 on [b0(W1), W0] determines u on [b1(W0), b1(b0(W1))]; and so on.  If the initial range of u was [0, 1], that is, u is scaled so that u(W0) = 0 and u(W1) = 1, then the first step determines u where its values are in [-1, 0] and [1, 2], the second step for values of u in [-2, -1] and [2, 3], and so on.  Note that the wealths Wi at which u(Wi) = i in this scaling are determined for all integers i reachable from W0 and W1 by applying b0 and b1.  As far as b0 and b1 are defined, then, this works out to:

(13) u(x) = 2u(W0) - u(b0(x)) for W-1 < x < W0


and u(x) = 2u(W1) - u(b1(x)) for W1 < x < W2


where W-1 = b0(W1) and W2 = b1(W0);

(14)
u(x) = 2u(W0) - 2u(W1) + u(b1(b0(x))) for W-2 < x < W-1


and u(x) = 2u(W1) - 2u(W0) + u(b0(b1(x))) for W2 < x < W3


where W-2 = b0(b1(W0)) and W3 = b1(b0(W1));

and, with (= u(W1) - u(W0) and composition of functions denoted fg, for n even,

(15) u(x) = -2n( + u((b1b0)nx) for W-2n < x < W-2n+1


and u(x) = 2n( + u((b0b1)nx) for W2n < x < W2n+1;

and for n odd,

(16)
u(x) = 2u(W0) - 2n( - u((b0b1)nb0(x)) for W-2n-1 < x < W-2n


and u(x) = 2u(W1) + 2n( - u((b1b0)nb1(x)) for W2n+1 < x < W2n+2,

where

(17)
W-2n = (b0b1)n(W0); W-2n+1 = (b0b1)n(W1); W2n = (b1b0)n(W0); and W2n+1 = (b1b0)n(W1).

It follows immediately (by repeated application of Proposition 1) that:

Proposition 4.  The utility function u agrees with the balance functions b0 and b1 if and only if both balance functions satisfy (2) and the foregoing relations hold on the interval [W', W"] reached by repeated application of b0 and b1 to values in [W0, W1].  Then the values of u on the set S = {Wi} are equally spaced, u is arbitrary on [W0, W1], and u is determined on [W', W"] by its values on [W0, W1].  Furthermore, u is increasing, continuous, differentiable, or continuously differentiable on [W', W"] if and only if it has the same property on [W0, W1].


When we seek more properties, we find surprising complications.  Thus, even if b0 and b1 are individually compatible with risk aversion, there may be no risk averse utility function that agrees with both.  The following examples illustrate some of the possibilities.  In all of them we take W0 = 0 and W1 = 1.  Note that risk aversion requires that the spacings Wn+1 - Wn increase with n, since the utility values at the Wi are equally spaced.  In the first example, Wn+1 - Wn instead alternates between 1 and 2 for n > 0 and between ½ and 1 for n < 0.

Example 2.  Let b0(x) = -2x for x < 0 and b0(x) = -x/2 for x > 0.  Let b1(x) = 1 + b0(x - 1).  Then b0 is linear on each side of 0.  Hence b0 agrees with a risk averse utility function that is linear on each side of 0.  The same holds for b1 on each side of 1.  However, a utility function u that agrees with both b0 and b1 cannot be risk averse because Proposition 3 imposes contradictory linearity requirements on u.  Alternatively, by (17), W2n = 3n and W2n+1 = 1 +3n for n > 0, and W2n = 3n/2 and W2n+1 = 1 + 3n/2 for n < 0.  Thus u must have equally spaced values at 0, 1, 3, 4, 6, 7,…, and also at 1, 0, -½, -1½, -2, -3,….  Hence u cannot be risk averse.


The piecewise linearity here makes hand calculation possible and Proposition 3 applicable, but the next example shows that it is not at all essential.

Example 3.  Let b0(x) = -x/(1 + x) for x > -1 and b1(x) = (5 - 2x)/(2 + x) for x > -2, in agreement with the utility functions log(x + 1) and log(x + 2) respectively.  Then the Wi for i = -8, -7,…, 7, 8 are


-0.854, -0.853, -0.851, -0.846, -0.833, -0.8, -0.714, -0.5, 0, 1, 2.5, 4, 5, 5.5, 5.71, 5.8, 5.83.

Here the spacings Wn+1 - Wn are decreasing for n > 0, though increasing for n < 0.  Note also that the interval reached by repeated application of b0 and b1 on [0, 1] is not (-1, (), the intersection of their ranges, but the smaller interval where b0 < b1.  The endpoints of this interval are the solutions of b0(x) = b1(x), namely (5 + (45)/2 = -0.854, 5.854.  Outside this interval, b0 > b1.


Since logarithmic utility has decreasing risk aversion and all the other usual and not so usual properties of this type, and since log(x + 1) is more risk averse than log(x + 2), Example 3 shows that requiring b0 and b1 to be compatible with conditions like these will not guarantee that they are jointly compatible even with risk aversion.  The next example illustrates that the same type of bad behavior can occur even when b0 and b1 are each compatible with constant risk aversion.

Example 4.  Let b0(x) = -10log(2 - e-0.1x) and b1(x) = 1 - 100log(2 - e0.01(1 - x)), in agreement with the utility functions -e-0.1x and -e-0.01x respectively.  Then the Wi for i = -8, -7,…, 7, 8 are

     -3.51, -3.41, -3.26, -3.04, -2.72, -2.27, -1.67, -909, 0, 1, 2.01, 2.95, 3.75, 4.38, 4.86, 5.21, 5.45.

Again the spacings Wn+1 - Wn are decreasing for n > 0, though increasing for n < 0.  Here the interval [W', W"] = [-3.696, 5.928].


In these examples, b0 and b1 are consistent with risk aversion, but the points Wi are inconsistent with risk aversion, because the spacings Wn+1 - Wn sometimes decrease with n.  We now show that, even if the Wi themselves are consistent with risk aversion, there may be no risk averse utility function that agrees with both b0 and b1.  In fact,

Proposition 5.  Given any strictly risk averse utility function U, choose Wi such that the values of U at W‑2, W-1, W0, W1, W2 are equally spaced.  Let b0 and b1 agree with U except that b0 is linear with b0(Wi) = W-i on the intervals [Wi, Wi+1] for i = -2, -1, 0, 1.  Then b0 and b1 are each consistent with risk aversion, but no risk averse u agrees with both b0 and b1.

Proof.  Let u0 = U except that u0 is linear on each of the intervals [Wi, Wi+1] for i = -2, -1, 0, 1.  Then b0 agrees with u0.  Using Lemma 1 for each step, we find: if u is risk averse and agrees with b0, then u = u0 on [W-2, W2]; if u also agrees with b1, then b1 is linear on [W1, W2]; then U is linear on [W1, W2], contradicting the strict concavity of U.  (

The specific case U(x) = log(x + 3) before scaling gives

Example 5.  Let b0(x) = -3x/4 for 0 < x < 1 and b0(x) = -(27x + 21)/64 for 1 < x < 7/3.  Let b0(x) = ‑3x/(x + 3) for x > 7/3.  Define b0(x) for -3 < x < 0 by using b0(b0(y)) = y for y > 0.  Let b1(x ) = (7 ‑ 3x)/(x + 3) for x > -3.  Then Wi = 3(4/3)i - 3, and b0, b1 and the Wi agree with the utility function log(x + 3), except that b0 is piecewise linear on [-21/16, 7/3].  However, no risk averse u agrees with both b0 and b1 everywhere.


We have seen that two balance functions each of which is compatible with a very "nice" utility function may be jointly incompatible with any "reasonable" utility function, even when this is not at all obvious.  We next show that, when two balance functions do agree with a utility function, it is generally far from determined, even if conditions like decreasing risk aversion are imposed.

Proposition 6.  Suppose b0 and b1 agree with the utility function u.  Let g be an odd function with period 2; equivalently, g(x) = g(-x) and g(1+x) = g(1-x) for all x.  Let U(x) = u(x) + (g(u(x)).  Then b0 and b1 agree with U.  Furthermore, there exists a positive (0 such that, for all ( < (0, U' has the same sign (positive, negative, or 0) as u' everywhere.  Similarly, if u" or r' or any polynomial in the derivatives of u is positive or negative on a compact (finite, closed) interval, then U has the same property for all sufficiently small (, where r = -u"/u'.  (The condition u" < 0 is a strict form of concavity, and r' < 0 is a strict form of decreasing risk aversion.)  Sufficient differentiability of u and g is always assumed.

Proof.  The agreement with U is easily verified.  The derivatives of g are bounded, since g is periodic.  The preservation of inequalities therefore follows from U' = u' + (u'g'(u), U" = u" + ({u"g'(u) + u'2g"(u)}, and, more generally, U(n) = u(n) + ((junjg(j)(u) where j = 1,…n and unj is a sum of products of derivatives of u with n differentiations in each term.  Also r' < 0 is equivalent to u"'u' - u'2 > 0.  (

In Proposition 6, compactness provides uniformity as ( ( 0.  In the following case it is not needed.

Example 6.  Let b0(x) = -x/(1 + x) and b1(x) = (3 - x)/(1 + x), both in agreement with the utility function u(x) = log(x + 1).  Let g and U be as in Proposition 6.  For each n there exists a positive (0 such that, for all ( < (0, -(-1)nU(n) and the derivative of U(n)/U(n-1) are positive everywhere.  In par​ticular, U is increasing, concave, and decreasingly risk averse everywhere for all sufficiently small (.

Proof.  In the previous proof, u(j) = -(-1)j(j - 1)!(1 + x)-j and U(n) = (n - 1)!(1 + x)-n{-(-1)n + ((jvnjg(j)(u)} where every vnj is a constant.  (

In contrast to example 1, we have, still assuming that b0 and b1 are defined on [W0, W1]:

Proposition 7.  If b0 and b1 both agree with a utility function u which has constant risk aversion, then u is the only decreasingly risk averse utility function with which they both agree.

Proof.  Any other decreasingly risk averse utility function with which b0 and b1 both agree, when scaled to have the same values as u at W0 and W1, would cross u more than three times (at all Wi, including W-1, W0, W1, and W2).  This is impossible, by Meyer and Pratt (1968, eq. (16)).  (

Finally we show that if two utility functions both agree with two given balance functions, they are necessarily related as in Proposition 6.  Although stated asymmetrically, the relation is symmetric, as can be established directly or proved by interchanging u and U in Proposition 8 and using Proposition 6.

Proposition 8.  Suppose the utility functions u and U both agree with the balance functions b0 and b1 and are scaled so that u(W0) = U(W0) = 0 and u(W1) = U(W1) = u1.  Then the function g defined by U(x) – u(x) = g(u(x)) is odd with period 2u1.

Proof.  g(-u(x)) = g(u(b0(x))) = U(b0(x)) - u(b0(x)) = -U(x) + u(x) = -g(u(x)) shows g is odd, and g(2u1 – u(x)) = g(u(b1(x))) = U(b1(x)) – u(b1(x)) = 2u1 – U(x) – 2u1 + u(x) = -g(u(x)) = g(-u(x)) shows g has period 2u1.  (
4. Three balance functions


Now suppose balance functions are given at three initial wealths, say bi at wi for i = 0, 1, 2, with w0 < w1 < w2.  If a utility function u agrees with all three bi, we shall show (Proposition 9) that u(w1) is determined relative to u(w0) and u(w2), that is, u1 = [u(w1) - u(w0)]/[u(w2) - u(w0)] is determined, and further (Proposition 10) that if u1 is irrational, then u is completely determined, while if u1 is rational with the denominator n in lowest terms, then the points where u(w) - u(w0) is an integer multiple of [u(w2) - u(w0)]/n are determined.  Although the results we give are more precise, the main idea is that the values reached by repeated application of b0, b1, and b2 to the wi are either discrete or everywhere dense.  If discrete, they have equally spaced values of u.  If dense, u is determined.

Proposition 9.  Assume that b0 and b2 are both defined on at least the interval [w0, w2] and b1 at least between w1 and either b0(w2) or b2(w0).  If b0, b1, and b2 agree with the utility function u, then u1 = [u(w1) - u(w0)]/[u(w2) - u(w0)] is determined.  Furthermore u1 = m/n for integers m and n if and only if bn,m(w0) = w0 where 0 < m < n and bn,m is any function of the form b2n(b2n-1(…(b2(b1(()))…)) with bj = b1 for j odd, bj = b2 for m even values of j, and bj = b0 for the other n – 1 – m even values of j.

Proof.  If b is the balance function for wealth W, then

(18)
u(b(x)) = 2u(W) - u(x),

by (1) or (1').  Scale u so u(w0) = 0 and u(w2) = 1.  Then u(w1) = u1 and repeated application of (18) gives

(19)
u(bn,m(x)) = 2nu(w1) - 2mu(w2) - 2(n - 1 - m)u(w0) + u(x) = 2nu1 - 2m + u(x).

Note that bn,m is the same whichever m even values of j have bj = b2.  Provided these values can be chosen so that b0, b1, and b2 need only be defined on the domain assumed, the if and only if follows from (19) with x = w0.  To show that they can, and also that b0, b1, and b2 determine u1 even when it is irrational, we use Variant 1 of the algorithm at the end of this section with w0 = w0.  The 2n-1st step gives bn,h(w0) ( (b0(w2), b2(w0)) for some h, whence u(bn,h(w0)) = 2nu1 – 2h ( (-1, 2).  This implies (h - 1/2)/n < u1 < (h + 1)/n, which determines u1 as n ( (.  If u1 is rational, say m/n, then 2nu1 – 2h = 2m – 2h ( (-1, 2).  This implies that h = m and u(bn,h(w0)) = 0, so the algorithm reaches w0 at the 2n-1st step.  (
Remark.  By (19), u1 is irrational if and only if all bn,m(w0) are different, and it suffices to check those reached by the algorithm in the previous proof, since they cycle if u1 is rational.  It can be seen from the proof of the next proposition that u1 is irrational if and only if the values reached by repeated application of b0, b1, and b2 to the wi (or any one of them) are dense in [w0, w2] and indeed in the whole interval reached.

Proposition 10.  In Proposition 9, scale u so u(w0) = 0 and u(w2) = 1.  If u1 is irrational, then u is determined on the interval [W', W"] reached by repeated application of b0, b1, and b2 to values in [w0, w2].  If u1 = m/n in lowest terms, then the values Wj where u(Wj) = j/n are determined for all Wj ( [W', W"], that is, all j/n ( [u(W'), u(W")].  In this case, let g be an odd function with period 2/n; equivalently, g(y) = -g(-y) and g(1/n + y) = -g(1/n - y) for all y.  Let U(x) = u(x) + (g(u(x)).  Then b0, b1, and b2 agree with U and the rest of Proposition 6 holds.  Conversely, if u and U agree with b0, b1, and b2 and are scaled so that u(w0) = U(w0) = 0 and u(w2) = U(w2) = 1, then u(w1) = U(w1) = u1 and the function g defined by U(x) – u(x) = g(u(x)) is odd with period 2/n.  If u is given on an interval (Wj, Wj+1) for some j, then it is determined everywhere.

Proof.  In the previous proof, the algorithm reaches a value 2nu1 – 2h ( (-1, 2) for every n.  If 2nu1 – 2h ( (0, 1), then 2nu1 – 2h' ( (-1, 2) for h' ( h.  Hence the algorithm reaches every value 2nu1 – 2h ( (0, 1).  If u1 is irrational, then the values of nu1 – h for arbitrary integers h and n are dense on the real line.  Therefore u is determined for all values of u in a dense subset of (0, 1), and hence, by continuity, in all of (0, 1), and hence, by Proposition 4, on [W', W"].    If u1 = m/n in lowest terms and j is given, then n'u1 – m' = j/n for some m', n'.  Make m', n' not both odd by adding nu1 - m = 0 if necessary.  Then for 0 < j < n, we reach Wj at the n'th step by the Basic Algorithm for n' even, starting at w0 for m' even and w2 for m' odd, and by Variant 1 starting at w1 for m' even and n' odd.  Repeated application of b0, b1, and b2 then gives all Wj ( [W', W"].  The rest of Proposition 6 follows as before.  For the converse, g is odd with periods 2 and 2u1 = 2m/n and hence with period 2/n, the greatest common divisor.  If u and U have the same values on (Wj, Wj+1) for some j, then g = 0 on (j/n, (j+1)/n) and hence everywhere, since it is odd with period 2/n, and therefore u = U everywhere.  (
Basic Algorithm.  In the situation of Proposition 9, given w0 ( (b0(w2), b2(w0)), there exist bj with bj = b1 for j even and bj = b0 or b2 otherwise such that, for all k > 1,  wk = bk(bk-1(…(b2(b1(w0)))…)) ( (b0(w2), b2(w0)).  When u is scaled so that u(w0) = 0 and u(w2) = 1, we have uk = u(wk) ( (-1, 2),

(20)
uk = ku1 – 2hk + u0 for k even, and uk = -(k – 1)u1 + 2hk – u0 for k odd,

where hk is the number of j < k with bj = 1.

Variant 1.  If w0 ( [w0, w2], the first step can be omitted.  Then  bj = b1 for j odd and bj = b0 or b2 otherwise,

(21)
u2k-1 = 2ku1 – 2h2k-1 – u0, and u2k = -2ku1 + 2h2k + u0.

Variant 2.  Apply the basic algorithm to find w1 and restart with this in place of w0.  Then

(22)
uk = ku1 – 2hk - u0 for k even, and uk = -(k – 1)u1 + 2hk + u0 for k odd,

where hk is either the number of j < k with bj = 1 or one less according as w1 = b0(w0) or b2(w0).

Proof.  We will work in u-space rather than w-space to simplify notation and clarify what's happening, but each step has an equivalent in w-space because u(w) >/=/< -1, 0, 1, 2 if and only if w >/=/< b0(w2), w0, w2, b2(w0).  Note that uk = u(bk(wk-1)) = 2u(wi) – uk-1 if bk = bi.  Suppose 2u1 = u(b1(w0)) < 1.  We define bj for j odd in such a way that, by induction, uk ( (-1, 2) for all k, as follows.  If uj-1 ( (-1, 1), choose bj = b0.  Then uj = -uj-1 ( (-1, 1) and uj+1 = 2u1 – uj ( (‑1, 2).  If uj-1 ( (1, 2), choose bj = b2.  Then uj = 2 - uj‑1 ( (0, 1] and uj+1 = 2u1 – uj ( (-1, 1).  In each case, uj ( (-1, 1] and uj+1 ( (-1, 2).  The proof for 2u1 > 1 is similar, or one could apply the foregoing to ‑u(‑w) in place of u.  The formulas for uk follow as in the proof of Proposition 9.  The two variants are straightforward, but explicit proofs would require a thicket of notation.  (
Remarks.  If u1 = m/n in lowest terms with n - m odd, then the algorithm (with w0 = w0) already determines u1 in n-1 steps, as follows.  If m is odd and n is even, then wn-1 = w2 and m = 2h + 1 where h is the number of values of j < n for which bj = b2 (since un-1 = nu1 – 2h = m – 2h ( (-1, 2), and the only possibility is m – 2h = 1).  If m is even and n is odd, then wn-1 = w1 and m = 2h (since un-1 = 2h – (n – 1)u1 = 2h – m + u1 ( (-1, 2), and the only possibility is 2h – m = 0).  By symmetry, if u1 = m/n in lowest terms with m odd, then starting the algorithm at w2 instead of w0 determines u1 in n-1 steps because it gives wn-1 = w0 if n is even and wn-1 = w1 if n is odd.  We note also that, for j even, the algorithm gives uj ( (-1, 1) if 2u1 < 1 and uj ( (0, 2) if 2u1 > 1.  The algorithm can be extended to one determining u everywhere from its values on an interval (Wj, Wj+1), as (13)-(17) do for two balance functions.  We omit this here because it is done for three or more balance functions in the proof of Proposition 11 below.

5. Any number of balance functions


Now suppose balance functions bi are given at initial wealths wi for i = 0, 1, 2, …N with N > 2.  Then Proposition 9 applies to any three of the bi and Proposition 10 extends to arbitrary N as follows.  We assume without loss of generality that wi < wi+1 for 0 < i < N - 1.  To permit the balancing steps we will use, we also make the domain assumption that each bi is defined on an interval that includes wi-2 for i > 2, wi+2 for i < N – 2, and either bi-1(wi+1) or bi+1(wi-1) for 1 < i < N – 1.

Proposition 11.  Under the domain assumption, if all bi agree with the utility function u, then all the ratios ui = [u(wi) - u(w0)]/[u(wN) - u(w0)] are determined.  Scale u so u(w0) = 0 and u(wN) = 1.  If ui is irrational for some i, then u is determined on the interval [W', W"] reached by repeated application of the bi to values in [w0, wN].  If all ui are rational and n is their least common denominator, then the values Wj where u(Wj) = j/n are determined for all Wj ( [W', W"].  Let U(x) = u(x) + (g(u(x)) where g is an odd function with period 2/n.  Then all bi agree with U and the rest of Proposition 6 holds.  Conversely, if u and U agree with all bi and are scaled so that u(W0) = U(W0) = 0 and u(WN) = U(WN) = 1, then u(Wi) = U(Wi) = ui for all i, and the function g defined by U(x) – u(x) = g(u(x)) is odd with period 2/n.  If u is given on an interval (Wj, Wj+1) for some j, then it is determined everywhere.

Proof.  By Propositions 9 and 10, [u(wi) - u(wi-1)]/[u(wi+1) - u(wi-1)] is determined for 0 < i < N, and if any of these ratios is irrational, then u is determined on the interval [bi-1(wi+1), bi+1(wi-1)].  It follows that the ui are determined, and that if any ui is irrational, then by the domain assumption, u is determined on the interval [W', W"].  If all ui are rational with least common denominator n, then ui = mi/n where m0 = 0, mN = n, and the mi are integers with greatest common divisor 1.  Given any j be​tween 0 and n, we can determine Wj by the following procedure, which gives a starting point w0 = wi' and a sequence of balance functions bt such that the recursively defined wt = bt(wt‑1) is in the domain of bt+1 for all t< T and wT = Wj.  If j = mi for some i, let wT = w0 = wi and we are done.  Otherwise

1.  Express j/n as an integer combination of the ui as follows.  Choose i' such that j - mi' is even.  (This is possible since m0 = 0 is even but not all mi are even.)  Choose integers ki (positive or negative) such that (ikimi = (j - mi')/2.  (This is possible since the mi have no common divisor except 1.)  Then (i2kiui + ui' = j/n.  Redefine k0 so (iki = 0.  Since u0 = 0, we still have (i2kiui + ui' = j/n.

2.  Starting at w0 = wi', balance downward until wt ( [w0, w2), as follows.  If wt ( (wi, wi+1], let bt+1 = bi; then wt+1 < wi.  If wt < w0 and wt-1 ( (wi, wi+1], let bt+1 = bi-1, which is defined at wt because it is defined at wi+1 and bi-1(wi+1) < bi(wi+1) < bi(wt-1) = wt < wi-1; then wt+1 = bi-1(wt) < bi(wt) = wt-1 and u(wt+1) < u(wt-1) – 1/n.  Continue until wt ( [w0, w2).

3.  Use the Basic Algorithm or Variant 1 to bring k0t into agreement with k0, where k0t is the number of even integers s < t such that bs = b0 minus the number of odd such integers.  Specifically, if either t is even and k0t < k0 or t is odd and k0t > k0, use the Basic Algorithm.  Otherwise use Variant 1.  Continue until k0t = k0 and wt > w1.  (If we first reach k0t-1 = k0 with wt-1 < w1, then bt-1 = b0 and the next step is wt = b1(wt-1) > w1 with k0t = k0 still.)

4.  Similarly, bring kit into agreement with ki for i = 1, 2,…h – 1 where uh < j/n < uh+1.  Specifically, repeat Stages 2 and 3 with subscripts 0, 1, 2 increased to 1, 2, 3.  Then k1t = k1 and wt > w2 but k0t is unchanged.  Continue in this way until kit = ki for i < h – 1 and wt > wh.

5.  Repeat Stages 2-4 with up and down reversed until kit = ki for i > h + 3 and wt < wh+2.  Still kit = ki for i < h - 1.

6.  Bring kh+1t into agreement with kh+1.  Specifically, if either t is even and kh+1t > kh+1 or t is odd and kh+1t < kh+1, use the Basic Algorithm with subscripts h, h + 1, h + 2 in place of 0, 1, 2.  Otherwise use Variant 1 with these same subscripts.  Continue until kh+1t = kh+1 and wt ( (bh(wh+2), bh+2(wh)).  If t is even, let T = t.  If t is odd, take one more step, choosing bt = bh or bh+2 so that wt+1 = bt(wt) ( (bh(wh+2), bh+2(wh)), and let T = t + 1.

Now kiT = ki except possibly for i = h and h+2.  Therefore uT = u(wT) = j/n + (khT – kh) uh + (kh+2T – kh+2) uh+2.  Since T is even, (ikiT = 0 as at (19).  Also (iki = 0 by our definition of k0 in Stage 1.  Therefore (khT – kh) = -(kh+2T – kh+2) = (, say, and uT = j/n + 2((uh – uh+2).  If ( > 1, then uT < uh+2 + 2(uh – uh+2) = u(bh(wh+2)), contradicting wT > bh(wh+2).  Similarly, if ( < -1, then uT > u(bh+2(wh)), contradicting wT < bh+2(wh).  Therefore ( = 0 and uT = j/n.  Thus wT = Wj as desired.

This determines the Wj in [W0, WN].  They are then determined on [W', W"] by repeated application of the bi.  The agreement with U and the rest of Proposition 6 follow as before.  For the converse, by Proposition 10, g is odd with period 2ui = 2mi/n for all i, and hence with period 2/n, the greatest common divisor.  Finally, if u and U are equal on (Wj, Wj+1) for some j, then g = 0 on (j/n, (j+1)/n) and hence everywhere, since it is odd with period 2/n; hence u = U everywhere.  For a constructive proof of this, given u on (Wj, Wj+1), we determine it on (Ws, Ws+1) by the foregoing procedure with the following changes:  (i2kimi = s – j or -s - j - 1 according as s – j is even or odd;  start at any w ( (Wj, Wj+1);  choose h so wh < Ws < wh+1.  If s – j is even, we obtain wT such that T is even and uT = (s - j)/n + 2((uh – uh+2) + u(w).  If s – j is odd, we obtain wT such that T is odd and uT = (s + j + 1)/n + 2((uh – uh+2) – u(w).  In either case, ( = 0.  As w varies over (Wj, Wj+1), u(w) varies over (j/n, (j + 1)/n), so u(wT) varies over (s/n, (s + 1)/n) and wT over (Ws, Ws+1), thereby determining u on (Ws, Ws+1).  (

We call three balance functions bi,, bj, bk commensurate if the ratio ui;j,k = [u(wi) - u(wj)]/[u(wk) - u(wj)] is rational.  (We assume the ratio is determined, as it is under our domain assumptions above and below, and its rationality is the same for every permutation of i, j, k.)  We call a finite or infinite set of balance functions bi commensurate if every subset of three is commensurate.  It is enough to consider the triples bi, b0, b1, or the triples bi, bh, bk for any fixed h and k.  In the finite case, it is natural to use the smallest and largest balance points w0 and wN as the reference points bh and bk.  Then the ratios are ui;0,N = mi/n and n is the number of values Wj in (w0, wN] at which u is determined by the balance functions.  For arbitrary reference points wh and wk with h < k, the ratios are ui;h,k = (mi – mh)/(mk – mh), the least common denominator is mk – mh, and this is the number of values Wj in (wh, wk] at which u is determined.


In the infinite case, there may be no smallest or largest balance point.  Furthermore, even if an infinite set of balance functions is commensurate, the least common denominator of the ratios ui;h,k for a particular pair of reference points wh and wk may be infinite.  If it is finite for one pair of reference points, however, then it is finite for every pair.  In this case (and the finite case), we say that the bi are uniformly commensurate.  The following example shows that, in the infinite case, even though the least common denominator is finite for fixed reference points, it may nevertheless be unbounded as the reference points vary.

Example 7.  Let bi agree with the utility function log(x) for the balance point wi = ei and i = 0, 1, 2,….  Then ui;j,k = (i – j)/(k – j) and the least common denominator for reference points wh and wk is |k – h|.  Although this is unbounded as h and k vary, the bi are uniformly commensurate and do not determine u, as in Proposition 11.  See also Example 6.


To extend the domain assumption to the infinite case, we assume that the wi can be indexed so that wi < wi+1 for all integers i in some interval, and that each bi is defined on an interval that includes wi-2 and wi+2 if they exist and either bi-1(wi+1) or bi+1(wi-1).  (If the index set has a lower or upper bound, wi-2  or wi+2 may not exist because i – 2 or i + 2 may lie outside it.)  By Proposition 11, we have, omitting details,

Proposition 12.  Suppose three or more balance functions bi satisfy the domain assumption and agree with the utility function u.  If the bi are not uniformly commensurate, then they determine u on the interval I reached by repeated application of the bi to values in the smallest interval that includes all wi.  If they are uniformly commensurate and the ratios ui;h,k for a particular h and k have least common denominator n, then when u is scaled so that u(wh) = 0 and u(wk) = 1, the values Wj in I where u(Wj) = j/n are determined and the rest of Proposition 11 holds.


These results can also be expressed and understood in terms of the mesh, where the mesh of a set of real numbers is the spacing of the coarsest equally-spaced grid that contains them, that is, mesh{ui} = max{(: for some a, for all i, (ui – a)/( is an integer}.  Note that mesh{ui} = |uk – uh|/n where n is the least common denominator of {(ui – uh)/(uk – uh)} with h and k fixed, and this does not depend on the choice of h and k.  A set of balance functions is uniformly commensurate if and only if the ratios ui;h,k for fixed h and k have positive mesh, in which case u is determined where its value lies on the relevant grid but not elsewhere.  If the mesh of the ratios ui;h,k for fixed h and k is 0, then the balance functions are not uniformly commensurate and they determine u everywhere.

Conclusion.  Are given balance functions compatible with a utility function u having some desired properties?  If the balance functions determine u, this can be checked directly.  If not, not.


How many balance functions does it take to determine a utility function u?  One if it is linear on each side of the initial wealth and u is required to be risk averse.  Two if they are compatible with the same constant risk aversion and u is required to be decreasingly risk averse.  Three if they are incommensurate.  An infinite number if they are commensurate but not uniformly commensurate.

Appendix


Differentiating b(b(x)) = x repeatedly and omitting (x) gives

(A1)
b'(b)b' = 1,

(A2)
b"(b)b'2 + b'(b)b" = 0,

(A3)
b"'(b)b'3 + 3b"(b)b"b' + b'(b)b"' = 0,

(A4)
b""(b)b'4 + 6b"'(b)b"b'2 + b"(b)(4b"'b' + 3b"2) + b'(b)b"" = 0,

and so on.  At W, (A1) gives (3), as does (A2) if b"(W) ( 0, and (A3) then gives (4), as does (A4).


Differentiating (1) gives

(A5)
u' + u'(b)b' = 0,   u'(b) = -u'/b',

(A6)
u" + u"(b)b'2 + u'(b)b" = 0,

(A7)
u"' + u"'(b)b'3 + 3u"(b)b'b" + u'(b)b"' = 0,

and so on.  Solving (A6) for u" and using (A5) gives (5), which is the negative of the local risk aversion at b.  Solving (A7) for u"'(b), dividing by the solution of (A6) for u", and using (A5) gives the second expression in (9), which is the negative of the prudence at b.  At W, (A5) gives (3) again; (A6) then gives (6); and (A7) then gives (4) again.


Differentiating (A4) and (A7) gives 

(A8)
bv(b)b'5 + 10b""(b)b"b'3 + 5b"'(b)(2b"'b'2 + b"2b') + 5b"(b)(b""b' + 2b"'b") + b'(b)bv = 0,
(A9)
u"" + u""(b)b'4 + 6u"'(b)b'2b" + 3u"(b)b"2 + 4u"(b)b'b"' + u"(b)b"" = 0.

At W these and further differentiations give further conditions on b and u which we omit.
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