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INTRODUCTION

1 Introduction

In the standard screening model going back to Rothschild and Stiglitz (1976), in-
dividuals differ only in a single dimension, namely their risk of incurring a loss,
and the choice of an insurance contract is their only action explained endogenously.
In this simple framework, insurance companies can induce customers to fully re-
veal their private information by offering contracts that separate the risk types. In
particular, equilibrium contracts are such that high risk individuals obtain more
insurance coverage than low risks. Chiappori et al. (2006) show that this positive
correlation between risk and coverage holds within a much larger class of models of
competitive markets. The positive correlation property has therefore been the basis
for much of the empirical research trying to identify adverse selection in specific
markets. Yet, several recent studies have found no evidence to support this predic-

! This has been interpreted as indicating that the importance of asymmetric

tion.
information in these markets is smaller than previously assumed. Subsequent empir-
ical research, however, has shown that the absence of a positive correlation between
insurance coverage and risk occurrence does not imply that there is no adverse selec-
tion. Finkelstein and Poterba (2004), for instance, find strong evidence for adverse
selection along contract features other than coverage in the UK annuity market. In
addition, Finkelstein and McGarry (2006) show that preference based selection in
the US long-term care insurance market may offset risk based selection so that, in
aggregate, those with more insurance are not higher risks. Unfortunately, the basic
screening model is not rich enough to account for such phenomena.

Motivated by the empirical findings, one strand of theoretical literature has fo-
cused on combining adverse selection and moral hazard in insurance markets. In
these models, individuals can reduce their damage probability by an unobserved
effort decision, which gives rise to moral hazard. To introduce adverse selection,
De Meza and Webb (2001) and Jullien et al. (2006) assume that individuals differ
in their privately known risk attitude, which affects their effort decision.? These

models indeed generate equilibria where those with more insurance coverage do not

1See Cawley and Philipson (1999) for the US life insurance market, Chiappori and Salanié
(2000) and Chiappori et al. (2006) for the French automobile insurance market, and Cardon and
Hendel (2001) for the US health insurance market.

2This idea was first put forward informally by Hemenway (1990) and Hemenway (1992). Another
approach within this class of models, chosen by Stewart (1994) and Chassagnon and Chiappori
(1997), is to assume that agents differ in their effort cost, which is also private information. While
these models yield interesting deviations from the standard Rothschild-Stiglitz model, such as
different welfare implications and the coexistence of equilibria, they have in common that the
correlation between ex post risk and insurance coverage will be positive in equilibrium.
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have a higher ex post risk. They do so, however, by taking a number of additional
assumptions. In particular, they do not model competitive markets. Jullien et al.
(2006) consider a monopolistic insurer. De Meza and Webb (2001) introduce ad-
ministrative costs that also drive a wedge between premiums and expected claims.
In addition, both models stick to a framework with one-dimensional heterogeneity
between agents, where ex post risk and risk attitude are perfectly correlated.® The
question remains whether their results extend to purely competitive settings that
allow for a less restrictive structure of heterogeneity.

Indeed, there exist theoretical contributions that extend the basic framework of
Rothschild and Stiglitz (1976) to two-dimensional heterogeneity. Such models have
been examined by Smart (2000), Wambach (2000) and Villeneuve (2003). They
assume that insurance customers differ in wealth and hence risk aversion in addition
to risk, whereby the correlation between risk and risk aversion is not assumed to
be perfect. In these models, moral hazard is excluded since the individuals’ only
action is to choose an insurance contract. Countervailing incentives and thus de-
viations from risk separation emerge if individuals differ in both characteristics so
that the resulting effects work in opposite directions. Any equilibrium in these mod-
els, however, will exhibit a positive correlation between insurance coverage and risk
occurrence.

In this paper, we combine the two approaches outlined above to construct a
model that can explain the empirical findings in a perfect competition framework.
In our model, individuals differ in two dimensions and take an additional action
unobservable to the insurance companies. In contrast to the standard moral hazard
approach, however, this action does not affect their damage probability but their
risk attitude. A natural example of such a situation, which we focus on in this
paper, is a setting where individuals differ in both their damage risk and their labor
productivity, and choose their labor supply endogenously. Insurance companies can
neither observe individual risks, productivities, nor labor supply.

Various interesting economic effects emerge in such a model. First, optimal labor

supply reacts to the level of uncertainty and thus depends on the insurance market

3De Meza and Webb (2001) assume that some individuals are risk-neutral and hence neither
purchase insurance nor take preventive actions. Their expected damage is therefore larger than
that of the individuals who purchase partial insurance and take preventive measures due to their
higher risk aversion. This generates a negative relationship between individuals’ risk and their
insurance coverage. De Donder and Hindriks (2006) provide a general framework to demonstrate
which set of assumptions is needed to generate such an equilibrium. Jullien et al. (2006) also
consider a two type model. They are concerned with the question how risk aversion affects the
power of incentives provided by the optimal contract.
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outcome. On the other hand, the endogeneity of labor supply introduces counter-
vailing incentives in the insurance market as the individuals’ marginal willingness
to pay for insurance is influenced not only by their risk, but also their labor in-
come. We demonstrate how the resulting interactions between labor and insurance
markets affect insurers’ ability to screen their customers. In contrast to the models
with exogenous differences in income, equilibria emerge in which the correlation be-
tween risk and insurance coverage is zero or negative. Thus, our model provides an
explanation for this empirically relevant phenomenon.*

The paper is structured as follows. After having introduced the model of the
insurance market in section 2, we first examine the case when there is only one-
dimensional heterogeneity and individuals differ only in risk, not in productivity.
As will be shown in section 3, the endogeneity of labor supply may result in un-
fair premiums even in this simple framework, and the correlation between risk and
coverage can be smaller than in the standard case. We then proceed to the two-
dimensional case in section 4 to show how the results of Smart (2000), Wambach
(2000) and Villeneuve (2003) are altered by the endogeneity of labor supply. The
main result of this analysis is the emergence of equilibria where those with more in-
surance coverage are not higher risks in aggregate. Section 5 concludes. The proofs
of sufficient conditions for the existence of the equilibria discussed in the paper are

relegated to the appendix.

2 The Model

2.1 Preferences for Insurance with Endogenous Labor Supply

We consider a society of individuals characterized by their productivity w;, 1 = L, H,
and probability pj, j = L, H, of incurring a damage D, with the conventions wi <
Wy and pp < py. There is a continuum of individuals normalized to unit mass.
Let njj; denote the share of individuals with productivity w; and risk pj. These
individuals will be referred to as ij—individuals. p; = Zj (nijpj )/ (NiL + Niw ) is the
average risk in productivity group i and p =} ; j NijPj the average risk in the entire
population.

Let preferences for consumption ¢ and labor supply L be characterized by an

additively separable utility function U(c, L) = u(c)+v(L). The standard conditions

4The robustness of the positive correlation property shown by Chiappori et al. (2006) is based
on the assumption that profits do not increase with coverage in the set of competitive equilibrium
contracts. As will turn out below, this property is not necessarily satisfied in our model.
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u’(c) > 0, u”’(c) < 0, V/(L) < 0 and V’(L) < 0 are assumed. In addition, the

following (weak) restriction of preferences will be used below.
Assumption 1. Utility u(c) displays non-increasing absolute risk-aversion.

Firms can observe wj and pay wages according to marginal productivity so that
earned income is Wj L. Individuals purchase insurance contracts that specify the
share B € (0, 1] of the damage that is covered,® and a premium d € R*. Given such
a contract C = (B¢, d°) from the contract space C = (0,1] x R*, the first-order

condition for labor supply that maximizes expected utility is
wi [pu’(WLij — (1= B€)D —d°) + (1 — py)u’(wilj — d°)] = —v/(L). (1)

(1) is a standard condition stating that labor supply is determined so as to equalize
expected marginal utility and disutility from work.® As will be shown below, it
depends on the insurance contract and is denoted by Lj; (B, d®) or Lj;(C). Substi-
tution into the expected utility function yields the indirect expected utility function
Vij(B€,d) or Vij(C), from which indifference curves in the ([, d)-space can be ob-
tained. Throughout the paper, the notation A > B implies that insurance contract
A has a larger coverage and a larger premium than contract B.

The first step to understanding individuals’ preferences for insurance is to exam-
ine how labor supply reacts to variations in the insurance contract. The following

lemma provides an answer to this question.

Lemma 1. Under Assumption 1, an increase in insurance coverage [3, compensated

by an actuarially fair increase in the premium d, reduces individuals’ labor supply.

Proof. Suppose that we marginally increase insurance coverage 3 and at the same time adjust
the premium actuarially fairly, i. e. dd = pj D 98. Then the effect on labor supply is
oL} OL; u"(wiljj — (1= F)D —d) —u"(wiljj — d)

. b o (1 e ij
aﬁ +pJD ad wlpj(l pJ)D SOC ) (2)

where SOC < 0 is the second order condition corresponding to (1). Hence, we have dLj; /03 < 0
if u”’(¢) < 0, which is implied by Assumption 1. O

Lemma 1 establishes a motive for 'precautionary labor’ in the sense that individ-

uals react to an increase in the risk that they face by increasing their labor supply.’

SContracts with zero coverage are not relevant for our analysis. We exclude them to avoid
technical complications in the following proofs.

6The sufficient second order condition for a maximum is satisfied.

"The formal conditions for this precautionary labor effect to exist are equivalent to those derived
by Kimball (1990) for precautionary savings.
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It implies that, when considering an individual’s preferences, we need to account
for changes in labor supply and thus consumption levels as we move along an in-
difference curve in the (B, d)-space. On the one hand, labor supply is affected by
precautionary motives. On the other hand, expected damage and premiums change
and cause income effects on labor supply. Altogether, the endogeneity of labor sup-
ply may alter the shape and crossing properties of indifference curves compared to
the canonical model by Rothschild and Stiglitz (1976).

At a contract C, consumption in case of loss is ¢f; = wiLjj — (1 — BC)D —d® and
Cilj = wiLjj — d® otherwise. Let us consider the slope of an indifference curve of an

individual with productivity w; and risk p; in this contract

ad Dp;u'(c})
< = MRS;; =
Bl 0 Ul + (- pyU(c)

> (), (3)

which is positive as in the standard model.® Note also that MRS;; = p;D at any
full coverage contract (where C?j = Cilj holds), an additional result that carries over
from the standard model. However, while the curvature of indifference curves in the
(B, d)-space is always concave in the model with exogenous income, this does not nec-
essarily hold when labor supply is endogenous. Notably, if an increase in insurance
along an indifference curve leads to a strong reduction in labor supply, consumption
may decrease so much that the individual actually has a higher marginal willingness
to pay for insurance, given decreasing risk aversion. This would imply that indif-
ference curves are not globally concave, and complicate our equilibrium analysis
substantially. In the following lemma we derive a sufficient condition to exclude this

problem.

Lemma 2. Indifference curves are concave in the (B,d)-space if an increase in
insurance along an indifference curve leads to (weakly) larger consumption in case

of damage.

Proof. In order to examine how the marginal rate of substitution (3) changes as we move up on

the indifference curve d(3), we need to evaluate the sign of

OMRSy(3,d(8) _ . u(e)u(ch) g — (el () G
93 —pj(l _pj)D (aVij/ad)Z ’ (4)

where the expression on the RHS follows from differentiating (3), substituting d(5) for d and some

8Clearly, indifference curves are still continuous and differentiable since labor supply is a con-
tinuous and differentiable function of the insurance contract while utility is continuous and differ-
entiable in labor supply.
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simplifications. Note that u”(cfj)u/(cf;) < u”(cfj)u/(¢f;) < 0 under Assumption 1, since ¢ < cf;

if 3 < 1. It is also clear that 8ci1j /OB < 80% /Op since the higher premium has to be paid in
both states of the nature while the larger benefits are only received in case of damage. Hence
30?1- /0B > 0 along the indifference curve is a sufficient condition for (4) to be negative and thus

for the indifference curve to be concave. O

Lemma 2 puts an upper bound on the precautionary labor effect that will be
assumed to be satisfied for the remainder of this paper.

Apart from the shape of a given individual’s indifference curves, the crossing
properties of different individuals’ indifference curves in a given insurance contract
are also crucial for the equilibrium outcomes. Let us first ignore productivity differ-
ences and consider individuals that only differ in their risk. In the standard adverse
selection model where income is exogenous, it is easy to show that, at any given
contract, high risks have a steeper indifference curve than low risks. Put formally,
the marginal rate of substitution between coverage and premium given in (3) is in-
creasing in pj. Clearly, the property immediately follows from (3) if Lj is held fixed.
By the following definition, we will refer to this as “regular crossing” of indifference

curves.

Definition 1. The indifference curves of two individuals that differ only in risk
exhibit “reqular crossing” at a given contract if the high risk’s indifference curve is

steeper (MRSijy = MRS;._). Otherwise, they exhibit “irreqular crossing”.

Definition 1 introduces a local concept at a given contract. If regular crossing
holds in the whole contract space C, as it does in the Rothschild-Stiglitz model, it
implies the global property of single crossing for indifference curves of two individuals
that differ only in risk. As was shown by Netzer and Scheuer (2005), however,
regular crossing will not in general hold everywhere in the contract space when
labor supply is endogenous. At any given contract with less than full coverage, high
risk individuals supply more labor than low risks. If this effect is strong, the resulting
higher level of consumption may reduce the high risks’ marginal willingness to pay for
insurance below that of the low risks due to decreasing risk aversion. The following

lemma provides sufficient conditions for regular crossing even with endogenous labor

supply.

Lemma 3. Regular crossing holds at a contract (B,d) € C if either:
(i) the ratio pu/pL is sufficiently large,
(i1) preferences exhibit CARA or a sufficiently small degree of DARA,

(111) the contract provides full coverage.
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Proof. See Netzer and Scheuer (2005), Appendix D. O

If neither condition (i) nor (ii) are satisfied, the indifference curve of a low-risk
individual can be steeper than that of a high-risk individual in a contract with
less than full coverage. On the other hand, regular crossing always holds at full
coverage contracts. Together, these results show that the global single crossing
property can be violated for indifference curves of individuals that differ in risk
only. This possibility is the crucial difference between our model and the existing
literature. The endogeneity of labor supply can introduce countervailing incentives
in the insurance market and prevent a simple ordering of the risks with respect to
their marginal rate of substitution between coverage and premium.

We next turn to individuals of the same risk but different labor productivities.

To obtain clear-cut results for this case, the following assumption is used.
Assumption 2. Consumption is a normal good.

Lemma 4. Under Assumption 2 and DARA, the marginal rate of substitution at
contract (B, d) strictly decreases in productivity if B < 1. Under CARA or if B =1,
the marginal rate of substitution is always constant in productivity.

Proof. In order to examine how productivity affects the marginal rate of substitution between

coverage and premium given in (3), we need to evaluate the sign of

*

= Lij +wi—8’u} pj(l—pj>D

u(c)u’(cly) — (e’ (cy)

(pyu () — (1 —pj)u(cfy))?

d dd

dw; dj

(5)

Vi"j =V

It is immediate to show that u” (c?j)u’ (cllj) —u (cilj)u’ (c?j) = 0 if absolute risk-aversion is con-
stant or if the insurance contract provides full coverage so that c?j = c,lJ Note furthermore that

u! () (cfy) —u (e )u' (¢f)) < 0 in the case of decreasing absolute risk-aversion and 3 < 1. Then,
(5) is negative if and only if Ljj +widLjj /Owi > 0. By the Slutzky-decomposition, this is equivalent

to

>0, (6)

L% OLS;
Likj + wiL?j ( 1] ) ) 1]

“od ) T ow
where 8Li°j /Owi > 0 denotes the pure substitution effect based on the Hicksian labor supply
function L§j and —0Lj;/9d < 0 is the pure income effect. A sufficient condition for (6) to hold is
therefore that 1+ wi(—aLi‘j /0d) > 0, which is just saying that consumption is a normal good and
hence implied by Assumption 2. O

Hence, under DARA, a low productivity individual’s indifference curve will be
steeper than the one of a high productivity individual of the same risk type in the
interior of the contract space. Clearly, since this local property holds everywhere,
it implies the global property of single crossing for indifference curves of individuals

that differ only in productivity.
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As we have seen, single crossing may be violated for individuals that differ only in
risk. Of course it can also be violated for individuals that differ in both dimensions.
For example, an LL-individual’s marginal rate of substitution might well be larger
than the one of an HH-individual somewhere in the interior of the contract space,
while it is flatter at full coverage contracts according to the previous lemmas. This
could occur even if labor supply was fixed, i. e. if income was exogenous, simply
because productivity and risk affect the willingness to pay for insurance in opposite
directions. Hence this violation of single crossing can also occur in the models of
two-dimensional adverse selection by Smart (2000), Wambach (2000) and Villeneuve
(2003). In our model, however, single crossing can be violated even for HL- and
LH-individuals. This will occur if the reaction of labor supply to risk is sufficiently
large, so that it dominates the effect of productivity as discussed in Lemma 4.

With endogenous labor supply, we cannot generally exclude the possibility that
any two indifference curves cut more than twice. We shall exclude this with the
following assumption, which is a relaxation of the well-known Spence-Mirrlees con-

dition.

Assumption 3. Any two indifference curves of individuals that have different dam-

age probabilities cut at most twice.

A graphical clarification of this double crossing property is provided by Smart
(2000). For any two types that differ in risk (and possibly in productivity) the
contract space can be divided in two regions; one in which the high risks have a
larger marginal rate of substitution® and one in which the opposite holds. The two
regions are separated by a line defined by the points of tangency of the two types’

indifference curves. Each indifference curve cuts this line at most once.

2.2 The Screening Game

The screening game that we consider in the following goes back to Rothschild and
Stiglitz (1976). It consists of two stages. There is a large number of risk-neutral firms
who first decide whether to enter the market or not. In case they enter, they decide
which contract to offer. Each entering firm offers exactly one contract (B,d) € C.
The expected profit of such a contract if it is purchased by a low-risk and b high-risk

individuals is given by

n(B,d,a,b) = a[d — p_BD] + b[d — pupD]. (7)

9This region includes all full coverage contracts.
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Each entering firm pays a fixed entry cost E > 0. At the second stage, customers
simultaneously choose labor supply and select their preferred contract from the set
of offered contracts. In case of indifference between different contracts, they opt for
the larger coverage contract.'® If several firms offer the same contract, customers
split equally between them. Finally, the risk is realized, insurance payments are
made and consumption takes place.

We are interested in characterizing the set of subgame-perfect Nash equilibria
of the described game. Of course, each insurance company must earn nonnegative
profits in any such equilibrium. Second, it may not be possible for an inactive firm
to earn positive profits by entering the market. This implies that there may be no
contract which earns profits larger than E if offered in addition by a new entrant.
As it will turn out, the equilibrium set of contracts can contain contracts which
earn positive profits. Competition does not eliminate such contracts, because any
contract which is slightly more attractive to the consumers would also attract bad
risk types and become unprofitable. The existence of fixed entry costs therefore
solves the problem of unlimited entry of firms. As more and more firms enter, less
customers will purchase from each of them, driving down the firms’ profits. Since
we are interested in perfectly competitive markets, however, we examine the limit
as E — 0.1

Equilibria can be categorized according to properties of the set of contracts which

are offered. The following definition gives such a categorization.

Definition 2. An equilibrium is strictly pooling if all individuals purchase the same
contract. It is weakly pooling if the HH -individuals and/or the LH -individuals pur-

chase a contract which is also purchased by low risks. It is separating otherwise.

First, this definition categorizes equilibria only with respect to which damage
risks purchase which contract. This is because the major interest in terms of the
insurance market is how different risks select themselves, or are “screened”. Second,
the focus on high risks for the definition of pooling will prove useful later. Pooling
requires all individuals of at least one type IH to be bunched in contracts with low
risks. Note finally that in any weakly but not strictly pooling equilibrium at least
two different contracts will be offered because not all individuals purchase the same

contract. Since, however, at least one high and one low risk type must be bunched

10This convention follows the approach of Smart (2000). We will discuss alternative assumptions
where appropriate.

1 This approach is due to Smart (2000). See De Meza and Webb (2001) for an alternative way
to deal with the problem of positive profits and perfect competition.
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in one contract, it can contain at most three different contracts.

3 One-Dimensional Heterogeneity

We first assume that individual productivities are publicly observable. In that case,
insurance companies offer contracts conditional on productivity, so that an insurance
market for each productivity group w; emerges. Individuals within each of these
markets differ only in risk.!> We consider one such market, in which the concepts
of weakly and strictly pooling equilibria coincide. We proceed as follows. First,
general properties of equilibria are proven. More specific properties will depend on
the exact constellations of marginal rates of substitution in the contract space, and
will be described in the following corollary. The results of this section will then be
compared to the standard Rothschild-Stiglitz model, where individuals differ only

in risk.

3.1 Separating Equilibria

Proposition 1. In any equilibrium in the Wij-market two contracts are offered:

A= (B, d*) = (1,puD),
Bi = (BB, d®) = argmax Vi (B,d) s.t. (i) Vik(A) = Vi (B, d),
(i) m(B,d, nj, 0) > 0.

The low risks purchase Bj, the high risks purchase A. Equilibrium exists if the
average zero profit line of the market does not cut the iL—individual’s indifference

curve through Bj.

Proof. First, a pooling equilibrium with a pooling contract P = (37 ,d") cannot exist. Assume
to the contrary that it did, implying 7(3%,d",nijL,nin) > 0. For any contract C = (3, d%) let
BC) = {(8,d) € C|(B¢ — B)? + (d€ — d)? < €%}, € > 0, be the e-ball around C in C. If MRS;_ #
MRSiy in P, then for any € > 0, 3P’ € B{P) s.t. ViL(P’) > ViL(P) and Vig(P') < Viu(P). If
offered in addition to P, its profits w(ﬁp/, dP’ niL, 0) converge to 7(8F,dP ,ni,0) >0ase— 0, a
contradiction to equilibrium. If MRSj. = MRSy in P then 7 < 1 due to regular crossing at full
coverage. But then for any e > 0, 3P’ € B{iP) s.t. P’ > P, ViL(P’) > ViL(P), Vin(P') > Vin(P)

and P’ earns w(ﬂpl, d® ,niL,nin) > 0 if offered in addition to P, again a contradiction. This last
property holds since MRSjq > py D > piD in the interior of C and hence in P (MRSjy = pn D at

12The same results obtain if w, = wy so that there is no heterogeneity with respect to produc-
tivity, or if risk-aversion is constant. In that case, productivity has no influence on indifference
curves by Lemma 3.

10
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full coverage and concavity of indifference curves), so that P’ can be chosen above the pool’s zero
profit line given that P was not below that line.

Hence risks will be separated. Contract A for iH-individuals follows since for any A’ # A
satisfying 7 (62, d™',0,nip) > 0, JA” € BA') s.t. Vin(A4”) > Vi (A) and ©(627, d™", z,nin) >
0 for any = > 0 (the notation including x captures that A” might also attract low risks). Contract
Bj for iL-individuals follows since for any Bj # Bj satisfying W(ﬁBi/,dB;, niL,0) > 0 and incentive
compatibility Vig(A) > ViH(BBf,st), IB{ € BBj) s.t. ViL(By') > ViL(Bj), it still satisfies
incentive compatibility, and (68, dBi’, i, 0) > 0.

The existence condition makes sure that AQ s.t. Vin(Q) > Vik(A), ViL(Q) > ViL(B;) and
7(B9,d%, niL,nin) > 0, as shown by Rothschild and Stiglitz (1976). O

Proposition 1 shows that equilibrium will always by separating. However, more
specific results obtain. A crucial distinction arises depending on whether or not the
individuals’ indifference curves exhibit regular crossing at the contract where the

high risks’ indifference curve through A intersects the low risks’ zero profit line.

Corollary 1. The contract By earns positive profits if and only if MRSj < MRS;j_
(irregular crossing) in the contract where the high risks’ indifference curve through

A intersects the low risks’ zero profit line.

Proof. Under regular crossing in the respective contract, the constraint (ii) in the definition of B;
is binding. This holds since the double crossing assumption implies regular crossing in any larger
contract C satisfying Vil (A) = Vin (C), so that the corner contract where (i) is binding maximizes
ViL. Under irregular crossing, the contract that maximizes Vj_ is larger than the corner contract.
Regular crossing at full coverage together with the double crossing assumption then implies that

Bj is the unique point of tangency of the two types’ indifference curves, where (i7) is slack. O

The separating equilibria are illustrated in Figure 1. The left panel depicts the
situation in which both equilibrium contracts earn zero profits. It corresponds to the
standard Rothschild-Stiglitz contract set. The right panel depicts a situation where
Bi earns positive profits, which requires irregular crossing and hence cannot occur in
the canonical model. As more and more firms enter and offer the profitable Bj, each
firm obtains a smaller share of the profits until further entry becomes unprofitable.
Our results refer to the limit as the entry costs E converge to zero.

Note finally that imperfect separation might occur in the irregular crossing-case
whenever the assumption is dropped that individuals who are indifferent pick the
larger coverage contract. In the case illustrated in the right panel of Figure 1, a
share y; < Vi of the iH-individuals might instead purchase contract Bj, where Yij
is implicitly defined by m(BBi,dBi, nj_,yinin) = 0. This consideration carries over

to all following cases in which positive profit contracts exist in equilibrium. Then,

11
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Figure 1: Observable Productivities

some share of the indifferent customers bounded above by a zero profit condition
might always pick the smaller coverage contract.

In sum, even without assuming two-dimensional heterogeneity, our screening
model with endogenous labor supply can explain deviations from the standard
Rothschild-Stiglitz model. First, low risks may pay actuarially unfair premiums.
The resulting positive profits may lead to imperfect type separation in equilibrium.
Second, the correlation between risk type and equilibrium coverage can be smaller
than in the canonical model, due to higher coverage for the low risks. For purposes of
empirical testing, however, it may be of interest to derive predictions of our model
which allow to distinguish it from the standard Rothschild-Stiglitz model even if
all equilibrium contracts earn zero profits. In fact, there are such implications of
our model. First, by Lemma 4, our model predicts a negative correlation between
productivity and the low risks’ insurance coverage. This implies that, second, pro-
ductivity shocks should have a larger effect on low than on high risks’ labor supply

since the former are in addition affected by the precautionary effect from Lemma 1.

4 Two-Dimensional Heterogeneity

In this section, we assume that none of the individual characteristics, neither risk nor

productivity, can be observed by the insurance companies.!® This implies that all

13 This would, for example, be a natural information assumption in a model of optimal taxation
in the presence of risk, where the government cannot observe productivities and risk but has to rely
on the observation of realized income (see Netzer and Scheuer (2005)). Private insurance markets

12
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four types of individuals act on the same market. We also assume that preferences
exhibit DARA, so that differences in productivity are indeed relevant. We proceed
as follows. We again prove general properties of possible (separating and pooling)
equilibria. More specific equilibrium properties will then again depend on the exact
constellations of marginal rates of substitution in the contract space, and will be
discussed grafically. In particular, we will highlight predictions that distinguish our
model from the contributions of Smart (2000), Wambach (2000) and Villeneuve
(2003).

4.1 Separating Equilibria

Proposition 2. In any separating equilibrium the contracts A = (BA,d*) = (1,pyD)
and Bi, 1 = L,H, are offered, where

Bi = (BB,dB) = argmax Vi (B,d) s.t. (i) Vau(A) = Vau (B, d),
(it) (B, d, i, 0) > 0.

Low risks with productivity Wi purchase Bj. All high risks purchase A.

Proof. The definition of separation requires that no contract is purchased by different risks, i.e.
that there exists (at least) a contract only purchased by high risks. Existence of A then follows
as in the proof of Proposition 1. Since A = argmax Viy(f5,d) s.t. 7(5,d,0,2) > 0 for any = > 0,
there can be no other (weakly) profitable contract purchased only by high risks, i.e. both high
risk types purchase A. Lemma 4 implies that the H H-individuals’ indifference curve through A
is then relevant for incentive compatibility. The contracts Bj, ¢ = L, H, follow as in the proof of

Proposition 1. O

Proposition 2 does not mention existence conditions in the spirit of the condition
given in Proposition 1, where existence required that the average zero profit line
of the whole market does not cut the low risks’ indifference curve through their
equilibrium contract. Similar conditions have to be satisfied in the present case as
well, but are more complicated. It has to be checked which of the four types would
be attracted away from the equilibrium candidate by a new contract. Profitability of
such a contract is then calculated by comparing its position relative to the relevant
zero profit line. Opposed to the standard case where there is only one zero profit
line for the pool, we can have several different pools and corresponding zero profit

lines here. Hence, there will be more than one existence condition. It turns out

in such models work as described here.

13



TwO-DIMENSIONAL HETEROGENEITY 14

that four such conditions have to be satisfied in our model. They are derived and
discussed in the Appendix.

As before, the specific characteristics of the separating equilibrium will depend
on the slopes of the low risks’ indifference curves at the contract where the HH-
type’s indifference curves through A intersect the low-risks’ zero profit line. Three
different cases are illustrated in Figure 2. The left panel illustrates the case where
all contracts earn zero profits, since the low risks’ indifference curves are flattest in
contract B = By. The middle panel illustrates that contract B, moves upwards
on the HH-individuals’ indifference curve through A and thus earn positive profits.
This requires MRS, > MRSHH in By, a case that can occur even if labor supply
is exogenous as discussed in the introduction. Hence, the cases depicted in the first
two panels can already occur in the models of Smart (2000), Wambach (2000) and
Villeneuve (2003). The last case, however, requires MRSy > MRS{y, i.e. irregular
crossing, which is unique to our model. Therefore, the contract By may also move

up along the HH-indifference curve through A and earn profits in equilibrium.

d i d d i
HH HH 'H
/LH 4 /LH 4 LH
LL
. LL
LL
| _—HL
HL HL 3
BL
H
7B,
1 g 1 p 1 g

Figure 2: Unobservable Productivities / Separation

A number of observations are worth noting at this point. First, as mentioned
in footnote 4, Chiappori et al. (2006) claim that their “non-increasing profits prop-
erty”, which implies that profits do not increase with coverage in the equilibrium set
of contracts, is a general property of equilibrium in competitive insurance markets.
However, our findings show that this may not be the case. Indeed, the middle panel
of figure 3 provides an example of an equilibrium where profits first increase and
then decrease with coverage. Despite this deviation form the non-increasing profits
property, the separating equilibria will always exhibit a positive correlation between
coverage and risk. This result will not, however, carry over to the possible pooling
equilibria discussed in the next subsection. Second, for the purpose of empirically
distinguishing our setting from that considered by Smart (2000), Wambach (2000)
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and Villeneuve (2003), it may be useful to note that our model predicts a nega-
tive correlation between wy and the HL-types’ insurance coverage. Moreover, an
increase in Wy should have a larger effect on HL- than on HH-individuals’ labor

supply due to the additional precautionary effect.

4.2 Pooling Equilibria

Lemma 5. In any pooling equilibrium, the LH—individuals are separated and pur-
chase A = (1,pyD).

Proof. Assume to the contrary that a pooling equilibrium exists in which the LH-individuals are
bunched in a contract P with low risks, and P earns nonnegative profits. Assume first that the
other high risks (H H) purchase a different contract C. It will then hold that Viyy (C) > Vyn (P),
since Vi (C) = Vg (P) would require C' > P and contradict Vi (P) > VL (C), due to Lemma
4. Hence any contract P’ € Br(iP) will not attract H H-individuals for e small enough. Next, for
all low risk types ¢L that purchase P it has to hold that MRSji. = MRS, iy in P, since otherwise
for any € > 0, 3P" € B{P) s.t. ViL(P') > ViL(P) for at least one of those low risk types,
Vin(P') < Viu(P) and 7(6P",dP’, x,0) > 0, for any 2 > 0 (with the reason given in the proof of
Proposition 1). Hence positive profits are earned if P’ is offered in addition to P, a contradiction.
Thus 8° < 1 by Lemmas 3 and 4. Since MRS < MRS, | at any such contract, only one low
risk type iL purchases P. But then for any ¢ > 0, 3P’ € B((P) s.t. P’ > P, Vi (P') > ViL(P),
VL (P') > ViLp(P) and w(ﬁpl, dP/, niL+x,nLn) > 0, for any = > 0, again for the reason described
in the proof of Proposition 1.

Assume next that the H H-individuals purchase P as well. MRSyy < MRS_H holds in P
due to Lemma 4. For all low risk types iL purchasing P, MRSyn < MRS;. < MRS, i has to be
satisfied in P, since otherwise for any e > 0 3P’ € BiP) s.t. ViL(P’) > ViL(P) for at least one
of those low risk types, Vikp (P') < Vkn(P) for both k = L, H, and ﬁ(ﬂpl,dpl,x,()) > 0, for any
z > 0. Hence 87 < 1 and for any e > 0, 3P" € B{P) s.t. P’ > P, V;j(P’) > Vij(P) for all types
1j that purchase P, and P’ earns positive profits if offered in addition. This again holds since
MRSHH > pu D in the interior of C and hence in P (Lemma 2), so that P’ can be chosen above
the pool’s zero profit line given that P was not below that line. Therefore, L H-individuals cannot

be pooled with low risks. Existence of contract A follows as in the proof of Proposition 1. O

Lemma 5 shows that a strictly pooling equilibrium does not exist, since the LH-
individuals will always be separated. Intuitively, any set of contracts involving a
pooling contract is vulnerable to the offer of a new contract close to the pooling
contract, which attracts away the low risks or the complete pool and makes positive
profits. This is impossible only if any such additional contract would also attract
high risk individuals not in the original pool. Hence at least one high risk type has
to be separated in any equilibrium. The fact that this is the LH-type follows from
single crossing in the productivity dimension: Only LH-individuals can be attracted

by a larger contract that is not preferred by the others.

15
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Given the nonexistence of a strictly pooling equilibrium, three possible candi-
dates remain for a pooling equilibrium. In a “2-contract—equilibrium”, the HH-
individuals purchase the same contract as all the low risks. In addition, there could
be two different “3—contract—equilibria“ in which one of the two low risk types drops
out of the pooling contract. The following three propositions characterize these

three types of equilibria.

Proposition 3. In any weakly pooling “2-contract-equilibrium”, contracts A and P*

are offered, where

P*= (BP",d”") = argmax V_(B,d) s.t. (i) VLu(A) =VLu(B,d),
(II) T[(B,d, N + NHL, nHH) > 0.

LH —individuals purchase A, all others purchase P*. Existence requires MRSy >

MRSuyn (irreqular crossing) in P*.

Proof. The pooling contract P* in any 2-contract-equilibrium must satisfy constraint (ii). In
addition, given that contract A is offered according to Lemma 5, P* must satisfy Vi y(A) >
Vin (P*). Assume Vi (A4) > Vin(P*) so that any contract P’ € BiP*) will not attract the
LH-individuals for ¢ small enough. But since MRS, > MRSu, if 7 < 1 and MRS, =
MRSHL < MRShy if 877 = 1, MRSiL % MRSHH holds in P* for at least one low risk type iL.
Therefore, for any € > 0, 3P’ € BP*) s.t. ViL(P') > ViL(P*) for at least one low risk type,
Van (P') < Vanu (P*), and ©(6°",dP’, 2,0) > 0 for z > 0. Thus Vin(A) = Vin(P*) must hold,
yielding constraint (i). Furthermore, P* < A and thus MRSy < MRS |, MRSyn < MRS| H in
P* according to Lemma 4. It also follows that MRS, | < MRS_H in P* since otherwise for any
€ >0, 3P € BP*) s.t. P’ > P*, VL (P') > VL (P¥), Vij(P') < Vij(P*) for all other types ij,
and ﬂ(ﬁp/,dp/,nLL,O) > 0.1 If MRS < MRS in P*, then constraint (ii) must be binding.
If not, 3P’ € BP*) s.t. P’ < P*, Viu(P') < VLu(P*), Vij(P") > Vij (P*) for all other types ij,
such that W(ﬁpl,dpl,nu_ + nHL,nup) > 0. Such a contract does not exist if MRS, | = MRS 4
in P*, since any P’ for which Vi (P’) > Vi (P*) also satisfies Vi (P") > Vi (P*). Constraint
(ii) can thus be slack. Altogether, this is equivalent to saying that P* maximizes V| | subject to
(i) and (ii).

The additional condition that MRSy < MRSy in P* follows since otherwise for any ¢ > 0
AP’ € BhP*) s.t. P/ < P*, Vi (P') > VL (P*), Vij(P') < Vi (P*) for all other types ij, and P’

earns positive profits if offered in addition. O

Since existence of this type of pooling equilibrium requires irregular crossing, it
cannot exist in the models of two-dimensional heterogeneity but exogenous labor
supply analyzed by Smart (2000), Wambach (2000) and Villeneuve (2003). As

14Note that similar arguments do not apply to any case in which the individuals’ marginal rates
of substitution differ in P*. A contract P’ > P* that attracts low risks might also attract the
L H-individuals due to the binding incentive compatibility constraint.
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before, additional conditions have to be satisfied for existence. Notably, no contracts
may exist that attract away profitable pools from the contract set described in the
Proposition. A complete discussion of these conditions is provided in the Appendix.

Whether contract P* earns positive profits again depends on the local crossing
properties of indifference curves. The two possible cases are depicted in Figure 3,
where the left panel refers to the case in which P* earns positive profits. In both
cases, the equilibrium is associated with a positive correlation between coverage and
risk since only high risks obtain full insurance. In addition, profits are non-increasing

with coverage since the full insurance contract A always makes zero profits.
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Figure 3: Unobservable Productivities / 2-Contract Pooling

The next proposition characterizes the pooling equilibrium where type HL is

separated, called a “type I” equilibrium.

Proposition 4. In any weakly pooling “3-contract-equilibrium of type I”, contracts
A, P* and C are offered, where

P** — (BP**,dP**) — argmaX VLL(B: d) s.t. (l) VLH (A) = VLH(E’, d)’
(”) T[(B,d, N, nHH) 2 0.

C= (BC,dC) = argmax VHL(Bld) s.t. (l) VHH(P**) = VHH(B,d),
(ll) T[(B,d, nHL,O) > 0.

LH —individuals purchase A, the LL— and HH—indwiduals purchase P**, and
the HL—individuals purchase C. FEzistence requires MRSy < MRSpp < MRS,

m P,



TwO-DIMENSIONAL HETEROGENEITY

Proof. Obviously, P** has to satisfy (ii) as given in the proposition. Given Lemma 5, Vi y(4) >
Vin (P**) also has to be satisfied. Assume Vip(A4) > Vip(P*), so that any P’ € B(jP**)
satisfies VL (A) > Vi (P’) for e small enough, hence does not attract the LH-individuals. Then,
if MRS # MRSyn in P**, 3P’ € B(P*) s.t. ViLL(P) > VLL(P*™), Vau(P') < Vau(P*)
and w(ﬂpl,dpl,nu_ +z,0) > 0, for any x > 0. If MRS = MRSyn in P** and therefore
P < 1, 3P € BP*™) st. P > P, VLL(P) > VLL(P*), Van(P') > Van(P*™), and
W(ﬁp,,dp,,nu_ + a,npp) > 0, for any © > 0. Thus Viy(A) = Vip (P**) holds. Also, P** < A
and hence MRSy < MRSy, MRSy < MRS, | in P**. Next, MRS L < MRSy in P**
since otherwise IP' € BrlP**) s.t. P’ > P**, Vi (P') > VLo (P*), Vij(P') < Vij(P*) for all
other types, and w(ﬂpl,dpl,nLL,O) > 0. If MRS < MRSy in P**, then constraint (ii) must
be binding. If not, 3P’ € BiP**) s.t. P < P**, Vin(P') < VLu(P*), Vij(P') > Vij(P*™)
for all other types ij, such that ﬂ(ﬁp/,dp,,nu_ + x,ngn) > 0 for any & > 0. Such a contract
does not exist if MRS, . = MRS; 1 in P**, and constraint (ii) can be slack. Altogether, this
is just saying that P** maximizes Vi | subject to (i) and (ii). Condition MRSy < MRS, |
in P** has to be satisfied since otherwise 3P’ € BfiP**) s.t. P’ < P**, Vi L(P') > VLL(P*),
Vi (P') < Vi (P**), k= L, H, and 7(6P",d?",n_ + x,0) > 0 for any = > 0.

By Lemma 4, MRS < MRS, | in P** and single crossing within the productivity dimension.
Therefore, contract C' # P** for H L-individuals, for which Viq (C) > Vi (P**) and VL (C) <
VLL (P**) has to hold (incentive compatibility), must satisfy C' < P**. From MRSy < MRS, | <
MRS in P** and double crossing it follows that Vg (P**) > Viqu (C) is the relevant incentive
compatibility constraint for C. The contract C' then follows with the argument given for Bj in
the proof of Proposition 1. The condition MRSy < MRSHy in P** makes sure that indeed
C # P**. O

Note that the conditions on the marginal rates of substitution given in Propo-
sition 4 do not require irregular crossing. Even with exogenous labor supply and
two-dimensional heterogeneity, MRSyy < MRS, | can occur since the respective
individuals differ in both dimensions. The “3-contract equilibrium of type I” there-
fore exists in the models of Smart (2000), Wambach (2000) and Villeneuve (2003).*
A discussion of existence conditions in the spirit of Rothschild and Stiglitz can be
found in the Appendix.

While the discussed equilibrium can exist even with exogenous labor supply,
positive profits can only occur with irregular crossing, hence only with endogenous
labor supply. For simplicity, both panels of Figure 4 depict a situation in which
P** earns zero profits although this does not need to be the case. C also earns
zero profits in the left panel, but positive profits in the right panel. As becomes
clear from Figure 4, the “3-contract-equilibrium of type [” always implies a positive
correlation between coverage and risk in aggregate. This is because the contracts

C, P* and A are ranked with respect to both coverage and average risk of the pool

SHowever, both Wambach (2000) and Villeneuve (2003) ignore this possibility.
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of customers. However, the non-increasing profits property used by Chiappori et
al. (2006) to derive this positive correlation result is not necessarily satisfied. For
instance, it is possible that C, the contract with the lowest coverage, earns zero

profits, whereas P** > C earns positive profits.
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Figure 4: Unobservable Productivities / 3-Contract Pooling I

Finally, the last proposition characterizes the pooling equilibrium where type
LL is separated, called a “type II” equilibrium. As will turn out, it is particularly

interesting due to the arising correlation between risk and coverage.

Proposition 5. In any weakly pooling “3-contract-equilibrium of type 117, contracts

A, P** and D are offered, where

P** =argmax Vy.(B,d) s.t. (i) VLu(A) =Viu(B,d),
(i) (B, d, Ny, NpR) > 0.

D= argmax VLL(B, d) s.t. (l) VLH (A) =VLH (B, d)

LH —individuals purchase A, the HL— and the HH —individuals purchase P***,
and the LL-individuals purchase D. FExistence requires MRSy < MRSHL and
MRS Ly < MRS in P** (both irregular crossing).

Proof. The fact that P*** has to satisfy (i) and (ii) as given the the proposition follows exactly
as in the previous proof. Therefore P*** < A and MRSy < MRS, MRSHL < MRS, | in
P***. Furthermore, MRSy < MRS_ y has to hold in P*** since otherwise 3P’ € B{P***)
st. P> P Vg (P') > Va(P*), Vi (P') < Viea(P***),k = L, H, and 7(8°",d?’,nup +
x,0) > 0 for any > 0. If MRSy < MRSy in P**, then constraint (ii) must be binding.
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If not, 3P" € BHP™*) s.t. PP < P***, Vi (P') < VLu (P*) and Vi5(P’) > Vjj(P*) for both
ij = HL,HH, such that W(ﬁpl,dp/,nHL + 2,npn) > 0 for any = > 0. Such a contract does
not exist if MRSy = MRSy in P***, and constraint (ii) can be slack. Altogether, this is just
saying that P*** maximizes Viy_ subject to (i) and (ii). Condition MRSy < MRSy in P***
has to be satisfied since otherwise 3P € B{{P***) s.t. P’ < P***, VuL(P') > VL (P**) and
Vikn (P') < Vi (P**),k = L, H, such that w(ﬂpl,dpl,nHL +,0) > 0 for any > 0.

As in the proof of the previous proposition, MRS < MRS, | in P*** and single crossing in the
productivity dimension implies D > P***. It immediately follows that 7 (32, d®,n;,0) > 0. From
MRSHH < MRSHL < MRS| H in P*** and double crossing, the relevant incentive compatibility
constraint for D will be Vi iy (A) > Vi (D). It must be binding and MRS | = MRS 4 must hold
in D, since otherwise 3D" € BfiD) s.t. Vi (D') > Vi (D), Vij(D’) < Vij(D) for all other types
17, and W(ﬁD/,dD/, nLL,0) > 0. This, however, is just saying that D maximizes V| subject to the
constraint Vi_(A) = Vi (D), as given in the proposition. MRS iy < MRS | in P*** makes sure
that indeed D # P***. O

The existence of the type Il equilibrium is unique to our model, since it re-
quires irregular crossing of indifference curves. Most important is the fact that D,
purchased by low risks that have a low productivity, has a larger coverage BP and
premium d® than the pooling contract P***. Hence, if N y and Ny are sufficiently
small, low risk individuals purchase more insurance on average than high risks. This
gives rise to a negative correlation between risk and coverage in equilibrium and
might help to explain the empirical puzzle that the positive correlation between risk
and coverage predicted by the previous screening models is not observed although
adverse selection seems to be a relevant phenomenon in insurance markets. Most
interestingly, this negative correlation result is obtained without assuming any devi-
ations from perfect competition and without assuming a one-dimensional structure
with only two types as in De Meza and Webb (2001) and Jullien et al. (2006). It is
simply based on the possibility of irregular crossing, which in turn naturally results
from our setup with two-dimensional heterogeneity and endogenous labor supply.

Again, the discussion of existence conditions for this type of equilibrium is rel-
egated to the Appendix. We conclude by illustrating how profits in equilibrium
depend on local characteristics of the indifference curves. While contract D always
earns positive profits, contract P*** only does so as well if MRSy > MRS, y (irreg-
ular crossing) at the contract where the LH —individuals’ indifference curve through
A intersects the zero profit line of the pool of all HL— and HH —individuals. The
two possible cases are depicted in Figure 5. As the figure makes clear, the non-
increasing profits assumption used by Chiappori et al. (2006) to derive the positive
correlation property is again not satisfied. In fact, D will always make more prof-

its per capita than P*** although D > P*** since it is only bought by low risks.
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CONCLUSION

Thus, the non-increasing profits property cannot be considered as a general charac-
teristic of equilibrium in competitive insurance markets as soon as multidimensional

heterogeneity and unobserved actions are accounted for.
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Figure 5: Unobservable Productivities / 3-Contract Pooling II

5 Conclusion

Based on recent empirical findings, the theoretical literature on adverse selection
has started to realize that screening in most relevant real-world situations is asso-
ciated with more than one dimension of privately known heterogeneity, and that
the resulting countervailing incentives significantly alter the nature of equilibrium
compared to the standard model of Rothschild and Stiglitz (1976). These models
typically assume that all dimensions of heterogeneity are given exogenously, and
they predict a positive correlation between risk occurrence and insurance coverage
in equilibrium. This is contradicted by empirical studies which mostly observe a
zero or negative correlation.

In this paper, we asked the question how insurance market equilibrium may look
like if heterogeneity in some dimensions is not given exogenously but arises from
the individuals’ choices. As a natural example of such a situation, we considered a
model where individuals not only differ in risk and select an insurance contract, but
also choose their labor supply endogenously, which affects their income and hence
risk attitude. This allows for “irregular crossing” of preferences in the sense that,

among individuals who exogenously only differ in risk, high risk individuals have
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the lower marginal willingness to pay for insurance than low risks since they supply
more labor and hence are less risk averse.

We show that this will generally lead to equilibria with (i) smaller correlations
between risk and coverage than in the standard models, and (ii) positive profit
contracts. If individuals differ in both their risk and productivity, equilibria can
(i) pool different risk types in one contract, (ii) violate the non-increasing profits
property of Chiappori et al. (2006), and therefore (iii) exhibit a zero or negative
correlation between risk and coverage. Interestingly, this latter result provides an
explanation for the empirical findings without assuming non-competitive insurance
markets or imposing restrictions on the structure of heterogeneity.

Our model raises a number of issues for further research. First, our informa-
tional assumption that risk, productivity and labor supply are privately known by
the individuals may make our model a helpful tool for the analysis of policy ques-
tions such as taxation under risk. Models addressing these issues need to combine
multidimensional heterogeneity with the endogenous choice of private insurance and
labor supply. Natural questions to ask are about the effects of labor taxes or social
insurance in this framework, and, more generally, about the efficiency properties of
the equilibria that arise in our model.

Furthermore, as pointed out above, the possibility of irregular crossing is the
driving force behind our novel results. Our model is just one - though certainly
natural - example of a situation where irregular crossing can arise. The results
extend, however, to other settings. Generally, irregularly crossing preferences can
result from some unobserved decision that does not affect the agent’s risk but risk
aversion. This may not only be relevant in models of insurance, but also of credit

markets, portfolio choice, or labor contracts.
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6 Appendix

In section 4, equilibria were characterized but the question was not addressed
whether such equilibria in fact exist. In this appendix, we provide necessary and
sufficient conditions for the existence of the equilibria. As in the model by Roth-
schild and Stiglitz (1976), the fundamental condition for existence is that there is
no contract outside the equilibrium set of contracts that attracts a profitable pool
of individuals. In looking for such potentially profitable deviations, we can confine
ourselves to the area between the zero profit lines of the high and low risks. Clearly,
a contract below the low risks’ zero profit line could never be profitable. Contracts
above the high risks’ zero profit line, in turn, would not attract any individual given
the equilibria from section 4.

Figure 6 illustrates this area. The thick black lines represent the high and low
risks’ zero profit lines. We first turn to the separating equilibria defined in Proposi-
tion 2. Figure 6 shows the indifference curves of the four types through the contracts
A and B = By of the separating equilibrium for the case that all contracts make
zero profits. Based on this graphical representation, the necessary and sufficient

conditions for the existence of this equilibrium can be stated as follows:

Corollary 2. The separating equilibrium where all contracts make zero profits ex-
ists if and only if MRSy > MRS, i = L,H, in the contract where the HH-

individuals’ indifference curve through A intersects the low risks’ zero profit line and
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Figure 6: Existence of Separation

there is no contract E
(i) in area I in figure 6 such that M(BE,dE, n , npw) >0,
(ii) in area II such that T(BE,dE, Ny + nL, Npp) >0,
(iii) in area III such that M(BE,d5, N, Npw + Nw) >0, and
(iv) in area IV such that M(BE,dE, ny + N, Npp + Np) > 0.

Proof. Necessity follows as in the proof of Corollary 1 and from the fact that, if one of the condi-
tions (i) to (iv) is not satisfied, a profitable pooling contract exists that destroys the equilibrium.
For sufficiency, note first that a contract in any other area between the zero profit lines of the low
and high risks either attracts no individual or only high risks. It therefore cannot be a profitable
deviation. Moreover, the crossing properties of the indifference curves implied by Lemma 4 and

Assumption 3 rule out the emergence of other relevant areas. O

Hence, in contrast to the standard case considered by Rothschild and Stiglitz
(1976), four conditions instead of just one need to be satisfied in order to guaran-
tee existence. In the proof of the following Corollary, we show that the existence
conditions from Corollary 2 analogously apply to the other separating equilibria

illustrated in figure 2.
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Corollary 3. The separating equilibrium where only B makes positive profits ex-
ists if and only if MRSy < MRSxy < MRS, in the contract where the HH-
individuals’ indifference curve through A intersects the low risks’ zero profit line and
conditions (i) to (i) from Corollary 2 are satisfied. The equilibrium where both B
and By make positive profits exists if and only if MRSyy < MRS, 1 = L,H in
the contract where the HH -individuals’ indifference curve through A intersects the

low risks’ zero profit line and conditions (i) to (i) from Corollary 2 are satisfied.

Proof. Again, necessity is established as in the proof of Corollary 1. For sufficiency, first consider
the equilibrium where only B) makes positive profits. In this case, there exists an additional area
to the left of area IT and below the H L-types’ indifference curve through By representing contracts
that would attract HH- and H L-types (see the middle graph in figure 2). However, if condition
(i) from Corollary 2 is satisfied, we must have 7(3%, d5, ny, nyn) < 0 for all contracts E in this
new area. First, the zero profit line of the pool of H H- and H L-types lies above the zero profit line
from condition (ii). Second, the H L-types’ indifference curve through By is concave by Lemma
2. Together, this ensures that, if condition (ii) is satisfied, the zero profit line of the pool of H H-
and H L-types lies above the new area where only these types are attracted.

For the equilibrium where both B and By make positive profits, the area with contracts
attracting only HH- and H L-types described above also exists but cannot contain profitable
contracts if condition (ii) is satisfied by the same argument as above. In addition, in this case,
Assumption 3 does not rule out that the indifference curves of the LH- and of the LL-types and
those of the LH- and the H L-types cross again above the low risks’ zero profit line (see right
graph in Figure 2). Then, new areas compared to Figure 6 can emerge. However, contracts in
these areas would either attract only high risks or a pool of H L-, H H- and LH-types, which cannot
be profitable if condition (iv) is satisfied. O

We now turn to the existence of pooling equilibria. First, the 2-contract-equilibrium
from Proposition 3 is considered. Figure 7 graphically represents the equilibrium
contracts A and P* together with the relevant indifference curves for the case that
P* makes positive profits. The necessary and sufficient conditions for its existence

are as follows:

Corollary 4. The weakly pooling 2-contract-equilibrium where P* makes positive
profits exists if and only if the conditions from Proposition 3 are satisfied, MRS y <
MRS, at the contract where the LH -individuals’ indifference curve through A in-
tersects the zero profit line of the pool of all LL-, HL- and HH-individuals, and
there is no contract £

(i) in area I in Figure 7 such that T(BE,d%, npL, npr) >0,

(ii) in area II such that T(BE,dE, n ,n y) >0, and

(iii) in area I1I such that m(BE,dE, n L + nuL, Ny) > 0.
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Figure 7: Existence of 2-Contract Pooling

Proof. Necessity is implied by Proposition 3, an argument as in the proof of Corollary 1, and the
fact that, if one of the conditions (i) to (iii) is not satisfied, there is a contract outside the equilibrium
set that attracts a profitable pool. Sufficiency is established by showing that if conditions (i) to
(iii) hold, no other area in Figure 7 can contain profitable deviations. This is obvious for the areas
in which contracts would attract no individual or only high risks. Moreover, contracts in the area
below area IIT cannot make positive profits if condition (iii) is satisfied. This is because, first,
they are cet. par. associated with a lower premium than those in area III and, second, attract
a less favorable pool (all the population rather than all except the H H-types). The same holds
for contracts in the area to the right of area I in Figure 7. They attract a pool of LH-, HH-
and H L-individuals and therefore cannot be profitable given condition (iii) and the concavity of
indifference curves. Finally, it can be easily shown that even if the indifference curves of the H H-
and HL-types or of the HH- and LL-types cross again (be it below or above contract P*), the
resulting new areas cannot contain profitable contracts given conditions (i) to (iii). O

Hence, in contrast to the separating equilibria, only three existence conditions
are needed for this type of pooling equilibrium. Concerning the existence conditions
for the weakly pooling 2-contract-equilibrium where P* makes zero profits, three
modifications are necessary. First, the crossing properties if the indifference curves
given in the Corollary need to be reversed. Second, contracts in area I could never

be profitable. They attract HH- and HL-types and hence a less favorable pool
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than P*, which lies above them and just makes zero profits. Therefore, condition (i)
in Corollary 4 is not needed for the existence of this equilibrium. Third, contracts
in the area to the right of area I would attract all individuals who purchase P* in
this case, which could not be profitable for the same reason as above. All the other
arguments would remain unchanged. Thus, only the two conditions (ii) and (iii)
from Corollary 4 would be needed to guarantee the existence of the weakly pooling
2-contract-equilibrium when P* makes zero profits.

Next, let us consider the weakly pooling 3-contract-equilibrium of type I defined
in Proposition 4. Figure 8 shows the case where both P** and C make zero profits.
Based on this illustration, we can derive sufficient and necessary conditions for the

existence of this pooling equilibrium in the following corollary.

]
LH

LL

HH

III: HH,LH,HL,LL

Figure 8: Existence of 3-Contract Pooling I

Corollary 5. The weakly pooling 3-contract-equilibrium of type I where all contracts
make zero profits exists if and only if the conditions of Proposition 4 are satisfied,
MRS, L. < MRS n (regular crossing) at the contract where the LH-individuals’ in-
difference curve through A intersects the zero profit line of the pool of all LL— and
HH —individuals, MRSy < MRSun (regular crossing) at the contract where the

HH —indiwiduals’ indifference curve through P** cuts the low risks’ zero profit line,

28
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and there is no contract E
(i) in area I in Figure 8 such that T(BE,d&, Ny + N, Npr) >0,
(ii) in area II such that M(BE,dE, n ,nLy) >0, and
(iii) in area III such that m(BE,d5, npL + N, Npp + Ne) > 0.

Proof. Both necessity and sufficiency are established as in the proof of Corollary 4. For sufficiency,
note that contracts in the area to the left of area I cannot be profitable if condition (i) is satisfied.
This follows from the fact that, in this area, only HH- and H L-types are attracted and hence
the corresponding zero profit line must lie above the one from condition (i). Together with the
concavity of the HL-types’ indifference curve through C, this ensures that there cannot be a
profitable deviation in this area. By the same argument, contracts in the area between areas II
and III in figure 8 are not profitable if condition (ii) is satisfied. Moreover, the contracts represented
by the area above area I cannot be profitable as they would attract the LH- and LL-types only
but lie below this pool’s zero profit line. Finally, the crossing properties of the indifference curves

implied by Lemma 4 and Assumption 3 rule out other relevant areas. O

Again, Corollary 5 and Figure 8 need to be changed only slightly when P** or C
make positive profits. First, the relations between the marginal rates of substitution
given in the Corollary need to be reversed. Second, if P** makes positive profits
and thus lies at a point of tangency of the LH- and LL-types’ indifference curves,
area I would attract HL-, LH- and HH-individuals. In addition, the area to the
left of area I would contain potentially profitable contracts attracting HL- and
HH-individuals. This would need to be ruled out by a fourth condition. Third,
if contract C is not on the low risks’ zero profit line but at a point of tangency
of the HH- and HL-types indifference curves, another area compared to Figure
8 appears. However, it represents contracts that only attract high risks and are
therefore not profitable. Hence, no modification of the existence conditions from
Corollary 5 would be necessary.

Finally, Corollary 6 and Figure 9 and give the existence conditions for the pooling
3-contract-equilibrium of type II defined in Proposition 5. We focus on the case

where P*** makes zero profits.

Corollary 6. The weakly pooling 3-contract-equilibrium of type II where P*** makes
zero profits exists if and only if the conditions of Proposition 5 are satisfied, MRSy <
MRSy at the contract where the LH -individuals’ indifference curve through A in-
tersects the zero profit line of the pool of HL- and HH -individuals, and there is no
contract E

(i) in area I in Figure 9 such that T(BE,d5, n ., N y) >0, and

(ii) in area II such that T(BE,dE, n . + Ny, ney) > 0.
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Figure 9: Existence of 3-Contract Pooling II

Proof. Again, the proof is as for Corollary 4. Concerning sufficiency, note that contracts in the
area to the left of area II cannot be profitable if condition (ii) is satisfied. This follows from the
fact that, in this area, only LH- and H L-types are attracted and hence the corresponding zero
profit line must lie above the one from condition (ii). Together with the concavity of the H L-types’
indifference curve through P***  this ensures that there cannot be a profitable deviation in this
area. By an analogous argument, contracts in the regions below this area and below area II are
not profitable if condition (ii) is satisfied. Finally, contracts in the area to the Southwest of P***
cannot be profitable since they would attract all individuals who purchase P***, which lies above

them and makes zero profits. O

As can be easily verified, once we reverse the relationship between the marginal
rates of substitution, Corollary 6 applies without modifications to the case that P ***
makes positive profits. Hence, whether the pooling contract makes profits or not,
only two existence conditions are needed for the pooling 3-contract equilibrium of

type 1L



