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Abstract

This paper starts with primitive assumptions on consumer preferences and
then derives prices consistent with a social optimum within an insurance
company and the capital allocation implied therein. The implied allocation
�adds up� to the total capital of the �rm (a result echoing �ndings in the
congestion pricing literature� where optimal tolls exactly cover the rental
cost of the highway). The allocation follows each consumer�s share of recov-
eries in states where the insurer defaults, weighted by the severity (in terms
of consumer welfare impact) of the default. However, the paper goes on to
argue that the economic approach employed supports a broader conception
of allocation� beyond that based on the marginal impact of each consumer�s
risk: Speci�cally, it argues that allocation based on relative consumer valu-
ations of all units of capital� both marginal and inframarginal� may yield
more stable and equitable assignment of cost responsibility.
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1 Introduction

This paper studies the allocation of insurance company assets to policies

for pricing purposes. It approaches the problem by identifying the socially

optimal allocation of coverage across consumers and the optimal level of

overall capitalization for the insurance company. It then shows that the

decentralized implementation of this optimum features a price per unit of

coverage that implies an allocation of capital per unit of coverage to each

consumer that �adds up�� in the sense that the sum over all consumers of

allocated capital (the product of the consumer�s total coverage amount and

the consumer�s capital allocation per unit of coverage) equals the total capital

of the �rm.

This result mirrors a �nding in the transportation economics literature,

where optimally set congestion tolls for drivers exactly add up to the rental

cost of the highway (Keeler and Small [4]). In the insurance case, the opti-

mal �toll�penalizes consumers for the external e¤ects (on other consumers)

associated with their purchase of a marginal unit of coverage. The toll ex-

actly covers the cost of the assets that are needed to o¤set the impact of the

coverage purchase at the margin; and the tolls in aggregate cover the total

rental cost of the assets. Expanding the asset base of the insurance company
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is analogous to expanding the width of the highway.

On one hand, this paper provides an economic rationale for capital alloca-

tion based on the �marginal analysis�� as developed in a literature starting

with Myers and Read [12] (and subsequently generalized by Kalkbrener [2]

and Mildenhall [11]). In this paper, a social welfare target replaces the risk

measure target of the literature above. When it is assumed (as we do in this

paper) that consumers care about the distribution of their own recoveries

rather than an average �nancial target for the company, the resulting allo-

cation �adds up�but is not derived from any commonly used risk measure.

Instead, capital is allocated according to each consumer�s share of value-

adjusted recoveries in states where the company fails� with the �value ad-

justment� re�ecting di¤erences in consumers�marginal utility of wealth in

the various states of default. That is, recoveries are valued according to the

severity of default: Recoveries in states where consumers are receiving very

little per dollar claimed will be weighted more heavily than those where con-

sumers are receiving more. The intuition behind this allocation rule hinges

on the fact that, at the margin, additional capital a¤ects consumer welfare

only in states where the company is defaulting; likewise, increases in a con-

sumer�s coverage a¤ect others only to the extent that the consumer is a rival
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claimant in states of default. Hence, the allocation rule� derived from the

marginal social cost of coverage at the optimum� is implied by an exercise

in Pigouvian taxation, where prices are derived to make consumers feel the

full social cost of their actions. Alternatively, one could view the allocation

rule as the result of an internal market for contingent claims on the company

in states where it defaults.

Beyond this, the paper explores a drawback associated with allocating

capital based on marginal analysis. Since the entire capital of the insurer is

allocated based on how the marginal unit of capital is used in defraying risk

externalities, the inframarginal units of capital are not necessarily allocated

in proportion to how they are valued by the policyholders. The resulting

allocation of capital costs, though they may be consistent with a social opti-

mum in some circumstances, may yield an uneven distribution of consumer

surplus.

The paper shows how economic theory supports circumvention of this

drawback, after one realizes that the restrictions implied by marginal analysis

apply only to the marginal units of coverage. Inframarginal units of coverage

can be assigned di¤erent allocations of capital, so long as the �adding up�

principle is observed and the associated pricing functions induce consumers
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to purchase the socially optimal levels of coverage.

The rest of this paper is organized as follows. Section 2 presents formal

analysis of the social planning problem and the decentralized implementation

of the social optimum, and it connects the prices used in the implementation

with allocations of the underlying capital. Section 3 introduces a simple

example to illustrate the potentially inequitable allocation of capital that

can result from marginal approaches to allocation. Section 4 suggests a

more general approach with the potential to remedy inequities associated

with marginal allocation methods. Section 5 concludes.

2 Optimal Capitalization & Cost Allocation

In this section, we study the joint problems of how to set the capital level

for an insurance company and how to allocate the costs of capital to poli-

cyholders. The capital costs considered here are frictional costs (e.g., a tax

on capital, as in Froot and Stein [1]). We show that the two problems are

intimately linked and characterize the solution.

For transparency, we start by ignoring any issues that might arise due to

the correlation of insurance losses with returns in the broader asset markets,
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and the interaction between insurance markets and securities markets. We

then move on to introduce consumer and insurer participation in securities

markets, and extend the results accordingly.

2.1 Allocation without Securities Markets

Formally, consider an insurance company withN consumers, with consumer i

facing a loss of size Li: To characterize the possible states of the world, we

de�ne a vector s of length N , with all the elements taking a value of zero or

one: s(i) = 1 indicates that consumer i experienced a loss, while s(i) = 0

indicates that she did not. Let 
 be the set of all possible states of the

world.

The following set de�nitions are useful. First, de�ne the set of states

where consumer i experiences a loss as:


i = fs 2 
 : s(i) = 1g :

Next, de�ne the set of states where at least one consumer has a loss as:


1 � [Ni=1
i:
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Finally, de�ne the set of consumers who lose in state s as:

�(s) = fi : s(i) = 1g :

The social planner must determine the optimal level of assets A for the

company, as well as the levels of insurance coverage for the consumers, with

the coverage indemni�cation level for consumer i denoted as Ii: If a consumer

experiences a loss, she will claim payment to the extent of the amount of

insurance coverage. If the total of claims is less than company assets, all

claims are paid in full. If not, all claimants are paid at the same rate

per dollar of coverage. Thus, we may de�ne the consumer�s recovery in

state s 2 
 as:

Rsi � min

(
Ii;

AP
j2�(s) Ij

Ii

)
for s 2 
i

Rsi = 0 for s =2 
i

The expected value of recoveries for the i-th consumer is thus given by:

Ei �
X
s2
1

Pr(s)Rsi :
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There is a frictional cost� including agency, taxes, and monitoring costs�

associated with holding assets in the company. Note that this cost has

nothing to do with a risk-reward trade-o¤ (for example, based on the �beta�

of insurance liabilities): To remain focused on the main idea, we simplify

by assuming that insurance risk is uncorrelated with returns in other asset

classes. In what follows, we represent the cost as a �tax�on assets:

�A (1)

It is also common in the literature to represent frictional costs as a tax on

equity capital, as in:

�

0@A�X
s2


Pr(s)
X
i2�(s)

min

(
Ii;

AP
j2�(s) Ij

Ii

)1A (2)

The latter case is treated in the Appendix.

If we denote the premium paid by the consumer i as Pi; consumer utility

may be expressed as:
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Vi(A;Wi�Pi; I1; :::; IN ) �
X
s=2
i

Pr(s)Ui(Wi�Pi)+
X
s2
i

Pr(s)Ui(Wi�Pi�L+Rsi );

(3)

The social planner then solves (where we have ignored Pareto weights for

notational simplicity):

max
X

A;fIig;fPig
Vi; (4)

subject to total premiums covering the sum of total expected claims payments

and frictional costs:

X
Pi =

X
Ei + �A: (5)

Analysis of the problem is complicated by the fact that the objective func-

tion and constraint are not smooth� they are only piecewise di¤erentiable.

For expositional purposes, we will ignore this complication and con�ne its

proper treatment to the Appendix. The �rst order optimality conditions

(assuming a solution in a smooth part of the function) imply the following:
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[Ii] :
@Vi
@Ii

� @Vi
@W

0@@Ei
@Ii

+
X
j 6=i

@Ej
@Ii

1A+X
j 6=i

@Vj
@Ii

= 0 (6)

[A] :
X
k

@Vk
@A

� @Vi
@W

 X
k

@Ek
@A

+ �

!
= 0 (7)

[Pi] :
@Vi
@W

� @Vj
@W

= 0; (8)

where @Vi@W is the marginal utility of wealth (the partial derivative with respect

to the function�s second argument). At this point, we may take two di¤erent

approaches to interpreting the premiums associated with the optimum.

The �rst, which we pursue below, is to calculate the per unit price of

coverage associated with a decentralized implementation of the social opti-

mum: This allows us to decompose the premium into several components,

including a risk penalty derived from the externalities associated with the

marginal unit of coverage� with the latter penalty having an interpretation

as a capital cost allocation. This approach essentially mirrors the calcula-

tion and interpretation of the optimal toll in the transportation economics

literature.

The second, which we pursue in Section 4, is to interpret the premiums
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as cost shares and to identify restrictions on the cost sharing functions that

allow individual choice to coincide with the social optimum. This approach

follows from Lindahlian analysis of the problem of public good production,

the generalization of which has shown� among other things� that equilib-

rium cost shares may be non-linear and may not be unique.

It is useful at this point to decompose the states of the world into those

in which the company defaults (
D) and those in which it is solvent (
Z).

Accordingly, we de�ne:


D =

8<:s 2 
 : X
j2�(s)

Ij � A

9=;


Z =

8<:s 2 
 : X
j2�(s)

Ij < A

9=;
and extend the notation to decompose the expected loss for each consumer

into that associated with states of default and that associated with solvent

states:

EDi �
X
s2
D

Pr(s)Rsi ;
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EZi �
X
s2
Z

Pr(s)Rsi :

With this notation in hand, we may simplify the optimality condition for the

choice of coverage for consumer i; (6), to:

@Vi
@Ii

� @Vi
@W

@EZi
@Ii

+
X
j 6=i

@Vj
@Ii

= 0: (9)

A decentralized implementation of the optimum will feature prices that

induce consumers to choose the socially optimal level of coverage. Such prices

will force the consumer to �see�the full e¤ects of her coverage choices. We

categorize the e¤ects associated with an extra unit of coverage as follows.

First, the consumer adds an extra unit of recovery in states of the world

where the insurance company is solvent. Second, we identify two e¤ects

associated with an extra unit of coverage on recoveries in states of the world

where the company defaults� a ��rst order� e¤ect and a �second order�

e¤ect. The ��rst order�e¤ect is to increase the recovery of the consumer

in question according to the prevailing rate of payment. To illustrate, for

some s 2 
D \ 
i; the �rst order e¤ect of an additional unit of coverage in

that state is to increase the consumer�s recovery by:
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AP
j2�(s) Ij

The �second order�e¤ect is to reduce the recovery rate per dollar claimed

for all consumers making a claim in that state, with the rate paid per dollar

claimed dropping by:

� A�P
j2�(s) Ij

�2
Note that the ��rst order�and �second order�e¤ects net out to zero in

terms of dollar impact.

AP
j2�(s) Ij

� A�P
j2�(s) Ij

�2 � X
j2�(s)

Ij = 0

Intuitively, the assets available for payment in any default state are not

a¤ected by the increase in coverage: In the end, the coverage increase only

a¤ects how the assets are split among claimants.

To proceed, we import a convention used in the transportation economics

literature on congestion externalities (e.g., Keeler and Small [4]). In this

literature, the consumer is assumed to ignore her own contribution to the
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overall level of congestion. The analogy here is to assume that the consumer

ignores the �second order�e¤ect of increasing coverage on her own level of

recovery in default states. That is, the consumer neglects to incorporate

the marginal reduction in the recovery rate in default states that is caused

by her marginal increase in coverage. As in the transportation literature,

this assumption seems reasonable when the consumer is small in relation to

the pool. Translated into mathematics, the ��rst order� e¤ect of a mar-

ginal increase in coverage on the consumer�s recovery in the default state

will dominate the second order e¤ect (i.e., AP
j2�(s) Ij

>> A�P
j2�(s) Ij

�2 Ii)
if IiP

j2�(s) Ij
is small. However, the assumption is not innocuous: As we

shall see, it is required for the capital allocations implied by a decentralized

implementation of the social optimum to �add up�across consumers to the

total capital of the insurance company.

With this assumption in place, we seek a pricing function P �i satisfying:

@P �i
@Ii

=
@EZi
@Ii

�

P
j 6=i

@Vj
@Ii

�
P
s2
D\
i

Pr(s)

 
�si

A�P
j2�(s) Ij

�2 Ii
!

@Vi
@W

;

where �si =
@Ui(Wi�Pi�L+R

s
i )

@Wi
; the marginal utility of income for consumer i
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in state s: After some algebra, using (7), we obtain:

@P �i
@Ii

=
X

s2
Z\
i
Pr (s) + �iA

0@X
s2
D

Pr(s) + �

1A (10)

with

�i =

P
s2
D\
i

Pr(s)
P
k2�(s) �

s
k

�
IkP

j2�(s) Ij

��
1P

j2�(s) Ij

�
P
s2
D

Pr(s)
P
k2�(s) �

s
k

�
IkP

j2�(s) Ij

� (11)

The �rst term on the right-hand side of (10) represents the marginal in-

crease in the expected value of claims paid to consumer i in solvent states,

while the second represents a risk penalty� in proportion to consumer i�s

marginal e¤ect on aggregate consumer recoveries in states of default. The

latter may also be interpreted as a per coverage unit allocation of costs relat-

ing to 1) all claims paid in states of default and 2) frictional costs of capital.

To see this, start by observing that:

X
i

�iIi = 1:

Next, multiply (10) by Ii to obtain:
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@P �i
@Ii

Ii =

0B@ X
s2
Z\
i

Pr (s)

1CA Ii+(�iIi)
240@X

s2
D

Pr(s) + �

1AA
35 (12)

Thus, if each consumer is charged a total variable premium based on the

socially e¢ cient price for the marginal unit of coverage� that is, if all units

of the consumer�s coverage are priced at the cost of the marginal unit� then

the variable premiums for all consumers will exactly cover expected losses

and the frictional costs. This echoes the result in Keeler and Small [4],

where the sum of the tolls equals the cost of the highway. There are at least

three noteworthy aspects of this �nding.

First, both frictional costs and total expected claims payments in default

states are allocated according to �iIi: This factor allocates cost according

to the marginal valuation of assets in states of default. For example, those

consumers who make claims in default states where the average claimant�s

marginal utility of consumption is relatively high will tend to get higher al-

locations of cost� both of frictional cost, and of expected claims in default

states. Thus, the pricing function will always assign the expected value

of claims made in solvent states according to the consumers who make the
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claims. The same is not true, however, of claims made in states of default:

The underlying mathematics are in fact assigning responsibility for the ex-

pected value of claims made in default states and frictional capital costs in

a similar manner.

Second, there are at least two cases where the allocation rule will simplify

into an allocation of claims costs (in default states) and frictional costs based

on the straight expected value of claims in states of default. One case is

where there is only one default state� or, if there is more than one, the

same claimants are involved in every default state. The second is where the

marginal utilities of consumption are the same for each claimant and are the

same across all states of default. In either of these cases, the allocation rule

simply follows each consumer�s contribution to the expected value of claims

made on the marginal dollar of assets. However, the general allocation

rule di¤ers this simple decomposition because the individual contributions

are weighted according to the marginal utilities of consumption within that

default state. The reason for this is that a straight expected value is not

necessarily a good measure of the social cost of a claim in states of default,

despite our assumption of �zero beta� insurance risk: Within the internal

company �market,�some states of default are more painful than others (in
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the sense of being more severe and thus being associated with higher marginal

valuations placed on company assets) and must be penalized accordingly. In

this sense, contingent claims to assets in a particular state of the world receive

a �state price�re�ecting the value of those assets to claimants in that state

of the world.

Finally, although �adding up�property for total variable premiums is con-

venient, it is important to remember that the restriction imposed by the fore-

going analysis is a marginal one� concerning the price of the marginal unit

of coverage,
@P�i
@Ii
; at the optimum. Taking this reasoning further, the alloca-

tion of capital implied by the marginal restriction is actually an allocation of

the marginal unit of capital� a description of how capital is consumed at the

margin in the defrayment of the �congestion� externalities associated with

the marginal units of consumer purchases. We have not pinned down the

allocation of inframarginal units of capital. They may indeed be allocated

in a manner di¤erent from the marginal unit, with the optimal allocation

depending on the structure of preferences and the distribution of wealth�

among other things. In fact, the total premium paid can be decomposed

into a �xed cost Fi and a variable component as in:
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P �i = Fi +
@P �i
@Ii

Ii:

The �adding up�property requires that
P
Fi = 0; so the �xed components

amount to transfers of cost shares among the consumers. In Section 3, we

attempt to illustrate the pitfalls of marginal allocation and motivate more

general allocation methods.

2.2 Allocation with Securities Markets

In the Appendix (Section 6.3), we introduce securities markets. The social

planner now purchases state contingent payo¤s for each individual (out of in-

dividual wealth) and for the insurance company (out of insurance company

assets). The complication is that markets are incomplete in the sense that

securities markets cannot be used to fully hedge insurance risks. As in Lak-

dawalla and Zanjani [5], we extend the arbitrage-free state prices associated

with security market equilibrium to price insurance risks by assuming that

payo¤s made on insurance contracts are valued according to the prevailing

security market state.

This generalized model adds notational complexity but does not change
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the basic �avor of the results, with the main di¤erence concerning what�s

being allocated. Appropriate (extended) state prices are applied to claims

recoveries, with the result being that the fair �nancial value of claims recov-

eries in states of default plus frictional costs associated with capital end up

being allocated to consumer.

The basis for allocation, however, is essentially the same as before. Con-

sumer recoveries of assets in states of default are weighted by the marginal

social utility of assets in those states, with each consumer�s share of both the

fair �nancial value of claims in states of default and frictional capital costs

being determined by her value-adjusted share of total recoveries in states of

default.

3 An Example

Myers and Read [12] recognized that marginal allocations could be unsta-

ble (see pages 566-8) before concluding that they were �reasonably robust�

for diversi�ed companies. In this section, we examine situations in which

marginal allocations are not robust to small changes, with the objective of

motivating allocation methods that are 1) robust to small changes and 2)
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consistent with cost sharing equilibrium as de�ned above.

Start by considering the case of two consumers with constant absolute

risk aversion, with coe¢ cient of absolute risk aversion being one. Each

consumer has wealth of 5. Consumer A has a 1% probablity of losing 10,

while Consumer B has a 10% chance of losing the same amount� with the

consumers� risks being independent of each other. The frictional cost of

assets is 10%. Our example shuts down wealth e¤ects by using constant ab-

solute risk aversion (CARA) utility. The (numerically calculated) solution

features an asset level of 10.55 and coverage levels of 9.90 and 9.88 for Con-

sumer A and Consumer B, respectively. (With CARA utility, the foregoing

aspects of the solution are independent of the Pareto weights (and associated

premiums) assigned to the consumers.)

In this example, allocation is driven by the state of the world where both

consumers lose� which is the only one in which the company defaults. Since

the coverage levels are roughly equivalent, the consumers receive roughly

equal shares of responsibility for frictional costs via application of (13)�

despite having vastly di¤erent loss probabilities. The potential inequity in

the distribution of consumer surplus is revealed in Figure 1, which shows

how each consumer�s willingness to pay for incremental amounts of assets
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changes with the asset level. Because of Consumer B�s higher probability of

loss, she tends to value inframarginal asset units (at levels below her coverage

amount) more highly than does Consumer A.

This point is made even more forcefully if we add a third consumer (Con-

sumer C) whose risk exhibits perfect negative correlation with the risks of

the other consumers (in the sense that Consumer C loses only when the other

consumers do not lose). Suppose Consumer C has the same wealth and risk

aversion as the other consumers, and a 10% chance of losing 10.

Consumer C gets a free ride in this example because he has no bearing

on company default. Hence, the aspects of the solution detailed above do

not change, and Consumer C receives full insurance. Moreover, application

of (13) allocates no assets to Consumer C, since he is never a rival claimant

in a default scenario. The potential inequity in this allocation is revealed in

Figure 2 (which presents essentially the same information as Figure 1, with

the addition of Consumer C). As can be seen in the �gure, Consumer C values

many of the inframarginal asset units more highly than his compatriots,

before dropping o¤to zero valuation by the time the marginal unit is reached.
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4 Cost Sharing Equilibria

If insurance company assets are viewed as a public good within the commu-

nity of company policyholders, perhaps we can exploit techniques developed

for more general public goods problems to our case. The problem of optimal

public good provision can be addressed, in principle, by charging �personal-

ized prices�to individual consumers that, at the optimum, 1) coincide with

marginal valuations of the public good 2) sum up to cover the total cost of

provision. This solution is referred to as a Lindahl equilibrium. Mas-Colell

and Silvestre [7] introduced the concept of a cost sharing equilibrium as a

generalization of the Lindahl equilibrium� with the basic idea being that

any cost sharing rule is viable if all consumers agree on the optimal level of

public good provision.

We adapt their de�nitions to our application:

De�nition 1 A cost share system is a set of functions gi(A; I1; :::; IN ); for i =
1; :::; N such that 1) gi(0; I1; :::; IN ) = 0 for all i, 2) gi(0; I1; :::; IN ) = 0 if
Ii = 0 and 3)

P
gi(A; I1; :::; IN ) =

P
Ei + �A.

De�nition 2 A cost sharing equilibrium is a cost share system, an asset
level A�, indemnity levels I�1 ; :::; I

�
N , and an allocation of initial wealth fWig

such that: Vi(A�;Wi�gi(A�; I�1 ; :::; I�N ); I�1 ; :::; I�N ) � Vi( �A;Wi�gi( �A; �I1; :::; �IN ); �I1; :::; �IN )
for all i and for all �A; �I1; :::; �IN � 0.
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Proposition 1 from Mas-Colell and Silvestre can be adapted to show that any

cost sharing equilibrium produces an optimal state.1

Theorem 1 A cost sharing equilibrium is Pareto optimal.

Proof: See Appendix.

Cost sharing equilibria feature an allocation of all insurance costs, in-

cluding capital costs, to consumers. For our purposes, the important point

is that the cost sharing system associated with the equilibrium need not be

linear and could allocate inframarginal costs di¤erently than marginal costs.

To be sure, marginal allocation restrictions must be observed. At the mar-

gin, each consumer must face the cost share implied by (10) for marginal

changes in coverage:

@gi(A
�; I�1 ; :::; I

�
N )

@Ii
=

X
s2
Z\
i

Pr (s) + �iA

0@X
s2
D

Pr(s) + �

1A (13)

and the cost share associated with marginal changes in assets must follow:

1However, there is no guarantee here that the equilibrium belongs to the core. The
presence of negative externalities among the consumers prevents the equivalence results
from the public goods literature (see, e.g., Weber and Weismeth [14]) from applying.
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@gi(A
�; I�1 ; :::; I

�
N )

@A
=

@Vi
@AP
k
@Vk
@A

0@X
s2
D

Pr(s) + �

1A : (14)

The latter condition allocates the cost shares at the margin according to the

ratio of each consumer�s marginal valuation to the marginal social valuation,

the �ratio equilibrium� condition identi�ed by Kaneko [3] and Mas-Colell

and Silvestre [8]. It is observed in these works further that this marginal

condition on the cost sharing function can serve as the basis for a propor-

tional cost allocation that yields both an equilibrium and a social optimum.

However, we are only guaranteed these results if the total cost of production

is convex in the amount produced: In this case, total costs:

X
Ei + �A

are concave in assets, meaning that allocating total cost based on the ratio

of individual marginal valuation to social marginal valuation (
@Vi
@AP
k
@Vk
@A

at the

optimum) will not generally be feasible.

Equation (13), on the other hand, could be used as a basis for allocation.

As noted previously, such an approach �adds up�:
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NX
i=1

@gi(A
�; I�1 ; :::; I

�
N )

@Ii
Ii =

NX
i=1

Ei + �A

Furthermore, it is easily deduced that prices per unit of coverage de�ned

by
@gi(A

�;I�1 ;:::;I
�
N )

@Ii
will induce the consumers to choose the socially optimal

levels of coverage when assets are set at A� and wealth levels are set at:

Ŵi = Wi �
�
gi(A

�; I�1 ; :::; I
�
N )�

@gi(A
�; I�1 ; :::; I

�
N )

@Ii
Ii

�

for each consumer (where Wi.is the wealth level for consumer i in the cost

sharing equilibrium). In this sense, frictional costs can be allocated based on

the shape of the equilibrium cost shares in the neighborhood of the optimum,

although we are not guaranteed that this will be an equilibrium as de�ned

above.

In general, however, the equilibrium cost shares involve transfers among

consumers� leading the shares of total cost to deviate from the allocation

implied by the marginal rules. Moreover, there is not necessarily a one-

to-one correspondence between social optima and equilibrium cost shares:

Although marginal behavior of the cost shares will be unique at a particular

optimum, multiple equilibria may exist with di¤erent allocations of inframar-
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ginal costs.2

5 Summary

Previous work on the economics of capital allocation have relied on ad hoc

assumptions that either integrated a insurer level �nancial target (e.g., risk

measure) into consumer preferences (Zanjani [15]) or constrained �rm be-

havior by imposing a risk measure target (e.g., Meyers [10]). In this paper,

we approach the problem with standard preference assumptions and derive a

new marginal allocation rule. This rule is not tied to any speci�c risk mea-

sure, but instead allocates capital based on each consumer�s �value-adjusted�

recoveries in states where the insurer defaults.

The paper also considers alternatives to the marginal approach to capital

allocation. We note that inframarginal capital units can, in some cases, be

allocated di¤erently than the marginal unit� with the resulting allocation

having attractive properties with respect to stability and equity. While

this seems a promising foundation for producing allocations featuring stable

2It is possible that a Shapley value approach could be applied as a solution concept,
although other solutions are possible, and I have not veri�ed that the game here meets
the assumptions required. For an example of an ad hoc application of Shapley value in
apportioning risk loads, see Mango [6].
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distribution of consumer surplus, we have not explored any speci�c rules

that would yield such stability while meeting the required conditions for

equilibrium. This is left for future research.
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6 Appendix

For expositional purposes, the main body of the paper 1) sacri�ces technical
rigor by focusing on solutions in the di¤erentiable regions of the objective
function, 2) simpli�es by assuming that frictional costs are proportional to
assets instead of capital, 3) assumes that insurance risk is unrelated to risks
in the securities markets, and 4) omits the proof of Theorem 1. We address
each of these issues in turn in the following subsections.

6.1 Analysis of Optima in Non-Di¤erentiable Regions
of the Objective Function

As noted earlier, the objective function (4) and constraint (5) are piecewise
di¤erentiable with respect to A and Ii (i = 1; :::; N): Hence, the optimality
conditions (6) and (7) should technically be rewritten as inequality conditions
with right-hand and left-hand derivatives:

[Ii]
+ :

@+Vi
@Ii

� @Vi
@W

0@@+Ei
@Ii

+
X
j 6=i

@+Ej
@Ii

1A+X
j 6=i

@+Vj
@Ii

� 0 (15)

[Ii]
� :

@�Vi
@Ii

� @Vi
@W

0@@�Ei
@Ii

+
X
j 6=i

@�Ej
@Ii

1A+X
j 6=i

@�Vj
@Ii

� 0 (16)

[A]+ :
X
k

@+Vk
@A

� @Vi
@W

 X
k

@+Ek
@A

+ �

!
� 0 (17)

[A]� :
X
k

@�Vk
@A

� @Vi
@W

 X
k

@�Ek
@A

+ �

!
� 0 (18)

We restrict our attention to pricing functions that are also piecewise dif-
ferentiable, and start by de�ning:


0D =

8<:s 2 
 : X
j2�(s)

Ij = A

9=; :
Also, using (17) and (18), we have:
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@Vi
@W

�
P
k
@+Vk
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k
@+Ek
@A + �

(19)

@Vi
@W

�
P
k
@�Vk
@AP

k
@�Ek
@A + �

(20)

The marginal condition for the pricing function at the optimum can be
written as:

@+P �i
@Ii

=
@+EZi
@Ii

�

P
j 6=i

@+Vj
@Ii

�
P
s2
D\
i

Pr(s)

 
�si

A�P
j2�(s) Ij

�2 Ii
!

@Vi
@W

;

Substituting in from (20) yields
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@Ii

�

P
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�
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i

Pr(s)
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A�P
j2�(s) Ij

�2 Ii
!

P
k
@�Vk
@A

 X
k

@�Ek
@A

+ �

!
;

or

@+P �i
@Ii

�
X

s2
Z\
i
Pr (s) + �iA

0@X
s2
D

Pr(s) + �

1A : (21)

A similar analysis using (16) and (19) yields:

@�P �i
@Ii

�
X

s2
Z\
i
Pr (s) + �0iA

0B@ X
s2
Dn
0D

Pr(s) + �

1CA : (22)
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�0i =

P
s2
i\
Dn
0D

Pr(s)
P
k2�(s) �
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�
IkP

j2�(s) Ij

��
1P

j2�(s) Ij

�
P
s2
Dn
0D

Pr(s)
P
k2�(s) �
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k

�
IkP

j2�(s) Ij

� (23)

The right sides of (21) and 22) coincide when 
0D = ?; implying that a
single marginal pricing condition (i.e., (10)) would satisfy both restrictions.
When 
0D 6= ?; however, the conditions restrict the behavior on the pricing
function in both directions away from the optimum, with the restrictions
referencing the cost allocation rules that would apply on either side of the
optimum.

The marginal restriction on the cost sharing function in the neighborhood
of the optimum (14), can also be adapted to handle optima located in non-
di¤erentiable regions of the objective function or constraints. Speci�cally,
we may write:

@+gi(A
�; I�1 ; :::; I

�
N )

@A
�

@+Vi
@A
@Vi
@W

and use (19) to obtain:
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�; I�1 ; :::; I

�
N )
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�
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 X
k

@+Ek
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: (24)

Similarly,

@�gi(A�; I�1 ; :::; I
�
N )

@A
�

@�Vi
@AP
k
@�Vk
@A

 X
k

@�Ek
@A

+ �

!
: (25)

As before, the right sides of the inequalities (24) and (25) coincide when 
0D =
?; which means that a single marginal pricing condition could satisfy both in-
equalities (i.e., (14) holds). Otherwise, the foregoing inequalities restrict the
behavior of the cost sharing function in both directions in the neighborhood
of the optimal asset level.
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6.2 Allocating Capital rather than Assets

Instead of assuming that frictional costs are proportional to assets, as in (1),
we could also assume that frictional costs are proportional to capital� as
in (2).
We can then rewrite the social planning problem as:

max
X

A;fIig;fPig
Vi;

subject to: X
Pi =

X
Ei + �(A�

X
Ei): (26)

We now revert to the custom of focusing on solutions in smooth regions
(as in the main body of the paper):

[Ii] :
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� @Vi
@W
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+
X
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@Ej
@Ii
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= 0 (27)
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@Vk
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X
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@Ek
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+ �

!
= 0 (28)
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@Vi
@W

� @Vj
@W

= 0; (29)

Condition (9) becomes:
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+
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@Vj
@Ii

= 0; (30)

with the marginal pricing condition associated with decentralized implemen-
tation being

@P �i
@Ii

= (1� �)@E
Z
i

@Ii
�

P
j 6=i

@Vj
@Ii

�
P
s2
D\
i

Pr(s)

 
�si

A�P
j2�(s) Ij

�2 Ii
!

@Vi
@W

;

32



and reducing, after substitution, to:

@P �i
@Ii

= (1� �)
X

s2
Z\
i
Pr (s) + �iA

0@(1� �) X
s2
D

Pr(s) + �

1A : (31)

with �i de�ned as before in (11). Adding up follows from:X
i

�iIi = 1:

Speci�cally,

X
i

@P �i
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X
i

(1� �)

0B@ X
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1CA Ii+X
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!
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Cost sharing functions properties can also be derived on the basis of (2),
with the analog of (14) being:

@gi(A
�; I�1 ; :::; I

�
N )

@A
=

@Vi
@AP
k
@Vk
@A

0@(1� �) X
s2
D

Pr(s) + �

1A : (32)

6.3 Allocation and Security Market Equilibrium

We use the N person model and start by de�ning the relevant probability
spaces. Recall the set of vectors that de�ne consumer loss experience, de-
noted by 
; whose members are row vectors s of length N; with the vector
elements all taking a value of zero or one: s(i) = 1 means that consumer i
experienced a loss, while s(i) = 0 means that she did not.
We now introduce a set ofM securities, each security with distinct payo¤s

in X states of the world. Let 	 be the set of those states (with the asso-
ciated �-algebra F	), and de�ne state prices, consistent with the absence
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of arbitrage, denoted by �x for each x 2 	: Let D be an M � X matrix,
with Dij describing the payo¤ of the i-th security in the j-th state. We
assume that

span(D) � RX :
This condition is typically known as a �complete markets�condition� that
any arbitrary menu of state-contingent consumption can be purchased at
time zero. In our case, however, it would be misleading to characterize
markets as complete, since 	 does not provide a complete description of the
states of the world.
Instead, we characterize the full probability space as (�;F�; !�); with

� � f� = [s(1) s(2):::s(N) x] j s 2 
; x 2 	g
The state variable � 2 � is a row vector of length N + 1 that provides a

complete description of one possible state of the world. The �rst N elements
of � describe which consumers experienced losses (and which ones did not),
while the last element describes the state of the securities markets. The
entire set � contains all possible states of the world.
The following set de�nitions are useful:

�i = f� : �(i) = 1g;
the set of all states in which agent i su¤ers a loss, and

�(�) = fi : �(i) = 1g;

the set of all agents that lose in state �. In addition, for every x and every
agent i; de�ne:

�x0i � f� : � =2�i;�(N + 1) = xg;
the set of all states � where agent i does not su¤er a loss and the security
market �sub-state�is x; and

�x1i � f� : � 2�i;�(N + 1) = xg;
the set of all states � where agent i does su¤er a loss and the security market
�sub-state�is x: Finally, note that for any i the entire sub-state space de�ned
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by x can be written as:
�x � �x1i [�x0i

We now extend the state prices to de�ne prices for events that are not
measurable with respect to F	: De�ne extended state prices as follows. For
each x 2 	

�� = �x;8� 2 � j �(N + 1) = x
Recall that we are extending the state-prices to include the price of claims
associated with the hazards being insured. This approach implicitly assumes
that there is no variation in �sub-state�prices within the states priced by
the security market equilibrium. As noted earlier, the absence of arbitrage
does not pin down the state prices for events that are not measurable with
respect to F	; but this assumption provides a basis for insurance pricing
that is logically consistent with the security market equilibrium, with the
implicit assumption that the insurance market is �small� in the context of
the security market equilibrium.
Consumer utility now depends on wealth purchased in the respective se-

curity market states (Wix);onsumer utility may now be expressed as:

X
x2	

0B@ X
�2�x0i

Pr(�)Ui(Wix � Pi) +
X
�2�x1i

Pr(�)Ui(Wix � Pi � Li +R�i )

1CA ;
This recovery R�i depends now both on insurance loss activity and on the
portfolio decision made within the insurance company. To elaborate, the
budget constraint of the insurance company may be expressed as:

A =
X
x2	

X
�2�x

��kxA; (33)

where we have expressed the contingent consumption purchased in security
market state x as the product of the present value of available assets and
a state speci�c factor kx: Consumer i�s recovery in state � can thus be
expressed as:
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R�i � min

(
Ii;

kxAP
j2�(s) Ij

Ii

)
for � 2 �x1i

R�i = 0 for � 2 �x0i

So our problem becomes
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A;fWixg;fPig;fkxg;fIig

8><>:
X
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0B@ X
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Pr(�)Ui(Wix � Pi) +
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1CA
9>=>; ;

subject to (33) and:X
i

Pi =
X
i

X
x2	

X
�2�x1i

��R�i + �A: (34)

Before proceeding, we adapt some set notation used earlier to decompose
the states of the world into those in which the company defaults (�D) and
those in which it is solvent (�Z). Accordingly, we de�ne:

�D =

8<:� 2 � : X
j2�(s)

Ij � A

9=;
�Z =

8<:� 2 � : X
j2�(s)

Ij < A

9=;
and extend the notation to decompose the �nancial value for each consumer�s
loss into that associated with states of default and that associated with sol-
vent states:

EDi �
X
�2�D

��R�i ;

EZi �
X
�2�Z

��R�i ;
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with:

Ei =
X
�2�

��R�i = E
D
i + E

Z
i

As before, we sacri�ce technical rigor by assuming a solution in a smooth
part of the function and obtain the following optimality conditions:
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[Pi] :
@Vi
@W

� @Vj
@W

= 0; (37)

Proceeding as before, we arrive at the marginal pricing condition associ-
ated with a decentralized implementation:
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with
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The �adding up�property applies. Interestingly, the allocation factor �i
does not directly depend on state prices, but again is driven by the average
marginal consumer valuation of asset dollars in the various default states.

6.4 Proof of Theorem 1

Suppose not. Then there is a cost sharing equilibrium

fA�; I�1 ; :::; I�N ; g1; :::gN ;W1; :::;WNg

such that an alternative cost share system and allocation

f �A; �I1; :::; �IN ; �g1; :::�gN ;W1; :::;WNg

yields:

Vi( �A;Wi��gi( �A; �I1; :::; �IN ); �I1; :::; �IN ) � Vi(A�;Wi�gi(A�; I�1 ; :::; I�N ); I�1 ; :::; I�N )

for all i; with strict inequality for some j 2 1; :::; N: However, by de�nition
of equilibrium,

Vj( �A;Wj�gj( �A; �I1; :::; �IN ); �I1; :::; �IN ) � Vj(A�;Wj�gj(A�; I�1 ; :::; I�N ); I�1 ; :::; I�N )

It follows that:

�gj( �A; �I1; :::; �IN ); �I1; :::; �IN ) < gj( �A; �I1; :::; �IN ); �I1; :::; �IN )

and the de�nition of a cost share system implies that:

�gk( �A; �I1; :::; �IN ); �I1; :::; �IN ) > gk( �A; �I1; :::; �IN ); �I1; :::; �IN )

for some k 6= j: But this implies further that:

Vk( �A;Wk��gk( �A; �I1; :::; �IN ); �I1; :::; �IN ) < Vk( �A;Wk�gk( �A; �I1; :::; �IN ); �I1; :::; �IN )

and this leads to:
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Vk( �A;Wk��gk( �A; �I1; :::; �IN ); �I1; :::; �IN ) < Vk(A�;Wk�gk(A�; I�1 ; :::; I�N ); I�1 ; :::; I�N );

a contradiction. Q.E.D.
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