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Abstract

We study the implications of fundamental information frictions for optimal informa-
tion design in settings with screening. We introduce a regulator who observes imperfect
information about a buyer’s private valuation for quality based on a class-level charac-
teristic, and can commit to provide a (possibly garbled) signal of these characteristics
to a monopoly seller. In a setting with binary types and classes, we fully characterize
optimal signals and derive their welfare properties. In contrast to much of the recent
literature studying information design in markets, we find that aggregate surplus is
often not maximized at full information; less than full disclosure is optimal when class-
membership statistics are sufficiently poor indicators of type. In this way, our results
provide a robust rationale for privacy protection that applies even when consumers and
producers are treated symmetrically. Our main analysis focuses on information design
in the classic setting of Mussa and Rosen (1978), but we show that the same economics
apply in a broad array of classic information economics settings and to settings with
many types. Our results can be interpreted through the lens of restrictions imposed
on the observables on which monopolists may discriminate to aid their screening.
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1 Introduction

In many economic contexts, policymakers and institutions are faced with the questions of how
much information to disclose to interested parties and whether to impose limits on the use
of readily available information. The information available for these purposes is itself often
incomplete, based only on coarse signals such as class-level characteristics of the economically
relevant primitives such as individual preferences and traits. For example, platforms such
as Amazon and Taobao may decide how much of their buyer information to share with
sellers. Likewise, competition authorities and legislators may impose limits on the degree to
which such information can be shared or may place other limits on the use of demographic
information for price discrimination in markets such as insurance,’ and authorities may
commit to design jurisdictions within which tax schedules must be neutral with respect to
identity. In these settings, uninformed market participants and institutions may attempt to
resolve the asymmetry themselves via screening. When should a (Pareto) efficiency-minded
policy-maker allow such uninformed participants to use class-level characteristics to augment
their attempts at screening? By contrast, when and how should the use of class-membership
information be limited?

This paper addresses these questions by explicitly studying the role of class-level infor-
mation in models of screening. To fix ideas, our baseline analysis introduces a social planner
who has the power to provide information to a monopolist in a classic trade problem.? As
in the Mussa and Rosen (1978) model, we consider an environment in which a monopoly
firm chooses the quality of goods to serve to a continuum of customers who have private
information about their own willingness to pay (type). To ease the exposition, we present
our main analysis for the binary-type case.® As in Mussa and Rosen (1978), the monopolist
may address this informational asymmetry using screening contracts. Also like Mussa and
Rosen (1978), but in contrast to the recent literature on information design in monopoly
trading problems,* we assume the customers’ types are truly private — in particular, they
are not even observable to the planner.

Instead, we allow the planner access to only a coarse signal of the consumer’s type. Our
motivation is to study information design in the presence of this natural informational fric-
tion, and characterize comparative statics of design with respect to these frictions. Formally,
we endow each agent with a category-level characteristic (class) which is observable to the
social planner and determines the distribution from which the customers’ type is drawn. In
our baseline analysis, we take class membership as binary — only a low proportion of class
membership A customers have the high value type, while more of class B customers have
the high type; in section 6, we explain how the results extend to richer distributions of class
memberships.

We assume the planner wishes to maximize a weighted sum of producer and consumer
surpluses. In the spirit of the information design literature, we allow the planner to commit

IFor instance, in 2012 the European Court of Justice outlawed the use of gender-based discrimination in
insurance contexts. By contrast, health insurers in the United States are free to — and do — discriminate
based on occupation.

2We consider applications to insurance and tax in section 5.

3We discuss how our results extend to many-type settings in section 6.

4See for instance Bergemann, Brooks, and Morris (2015), Bergemann, Heumann, and Wang (2024).



to providing the monopolist with any signal of the class. After observing the planner’s
signal, the monopolist offers each consumer a menu of quality-price pairs from which they
subsequently choose.

Our main finding is that restricting the planner to revealing only class information can
have material consequences for the incentive to regulate information. The recent literature
on information design in monopoly trading problems studies the feasible distributions of
producer and consumer surplus attainable when the planner can commit to provide any
information structure about consumers’ types. For instance, Bergemann, Brooks, and Morris
(2015) (henceforth BBM) study information design in a monopoly pricing problem without
screening, and find that the regulator can implement every efficient split of surpluses in
which the monopolist makes at least its ‘no information’ profit (see Figure 1a). In a setting
with screening, Bergemann, Heumann, and Wang (2024) (henceforth BHW) characterize
the efficient frontier (Figure 1b). In both these settings, aggregate surplus is maximized at
full information. After all, full information about types allows the monopolist to extract
full surplus, and hence gives it an incentives to sell efficiently. By implication, any case for
privacy protection in these settings requires that the policymaker have a differential interest
in providing consumers with surplus.

A nalve interpretation of these benchmark intuitions might suggest that, insofar as the
planner’s objective is total surplus, the planner should allow the monopolist to condition
trade on all observable information. We show that this is not the case — when the observable
information contained in the class memberships is not fully informative of the customer’s
type, total surplus can be enhanced by actively restricting the information available to the
monopolist. As a result, informational frictions can themselves justify privacy protection
policies in particular, it is not necessary for the planner to care intrinsically more about the
consumer.’

Moreover, this is the case whether or not the monopolist screens types. In the special
case without screening, the effect of imperfectly informative class membership contracts the
Pareto frontier but also flattens it. In this case, there is a stark implication: the poli-
cies that maximize consumer surplus and aggregate surplus coincide (Figure 1a).5 With
screening, imperfect information can again cause the efficient outcome to deviate from the
profit-maximizing, full information one — though in these cases optimal design may not go
all the way to maximizing consumer surplus (note in particular the slope of the hatched
frontier at the point of profit maximization in Figure 1b).

Our results clarify the structure of the planner’s optimal information design and their
comparative statics with respect to the distribution of classes. Under mild regularity condi-
tions, Proposition 3 shows that the optimal information structure lies in a family of policies
which correspond to revealing the identity of a randomly chosen subset of consumers from
class B (i.e. the class with many high types), and otherwise pooling the remainder with class

5 Although we believe this is an important and novel observation in the information-design context, and
perhaps at first surprising, it can also be understood as a particular instance of the theory of the second best
(Lipsey and Lancaster 1956): with pre-existing distortions, moving “towards” the first best does not ensure
a welfare improvement. Another example in a private information context with a “total surplus” objective
function is Einav and Finkelstein (2011) who show, in an insurance application, that classification based on
observable characteristics like gender has ambiguous effects on deadweight loss.

6We discuss the case without screening in Section 5.
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Figure 1: Pareto frontier

A consumers. Though full revelation is a member of this family, the solution often involves a
strictly positive degree of pooling. In these cases, the optimal information structure affords
class membership A consumers and a subset of class B consumers some privacy protection.

We further characterize the primitive conditions under which privacy protection is opti-
mal. Lemma 5 shows how the optimality of privacy protection depends on the underlying
distribution of class memberships. In particular, we show that as the proportion of low types
in either class increases (holding fixed the underlying distribution of types), there comes a
threshold at which full revelation is not optimal. When the planner maximizes aggregate
surplus, this threshold will be interior so long as the other class is not fully informative of
type. In particular, the planner is more interested in providing privacy protection when
membership in class B is a poor signal of high value customers, and yet membership in class
A is a sufficiently strong signal of a low value customer.

Additionally, we characterize the comparative statics of optimal information in the rel-
ative weight the planner places on consumer surplus. We find that the degree of pooling
increases with this weight, so that the planner provides less information about consumers
when it cares more about them. This is intuitive, and follows because the planner’s solution
lies along the constrained efficient frontier and the monopolist is information-loving.

To establish these results, we show that the planner’s information design problem on
the space of beliefs over classes can be recast as a constrained information design problem
defined on the space of beliefs over types. In our baseline analysis, the planner’s feasible
choices are the Bayes-plausible distributions whose support lies between the posterior beliefs
associated with class B and A. As a result, the solution to the planner’s problem can be
identified by the concavification of its objective function taken over that restricted domain.

Our result is driven in large part by the geometry of the planner’s objective function, to
which we refer as ‘welfare’. Under natural conditions, we show that this welfare function is
first convex, and then concave in the frequency of low value types. The convexity ‘at the
bottom’ introduces an incentive for the planner to reveal some information about classes



with few low types, while the concavity ‘at the top’ incentivizes the regulator to pool classes
with many low types, thereby revealing little information about them. This trade-off is best
resolved with the family of policies described above.

To understand why welfare is first convex, recall that when the seller believes the pro-
portion of low types is sufficiently small, it induces maximal inefficiency by excluding those
types from trade. Doing so extracts all the surplus from trade with high types. As the pro-
portion of low types increases, exclusion becomes too costly and instead the seller becomes
willing to trade with these low types, and this trade allows high types to earn information
rent. This switch away from exclusion benefits both the seller (by revealed preference) and
the consumer (who now enjoys some consumer surplus). In other words, total welfare is
locally convex around the exclusion threshold.

To understand why welfare turns concave as the proportion of low types increases past the
exclusion threshold, it is helpful to consider the way in which consumer surplus varies. On
the one hand, with a higher proportion of low types the consumer can enjoy an information
rent less often; on the other, those high types who do exist each enjoy a greater rent, as the
seller offers less distorted trade to low types. Under a natural assumption on the seller’s
marginal costs, the latter effect is diminishing in the proportion of low types, which implies
consumer surplus is concave. When the weight on consumers is not too small, this concavity
carries over to welfare.

This geometry naturally generates information policies in the family of pooling schemes
described above. For intuition as to why full information is not optimal in the presence of
class memberships, suppose the planner wishes to maximize aggregate surplus and suppose
at first that the classes are fully informative of type. In that case, full information is optimal
and achieves the first best allocation in which trade with each type is efficient. Now introduce
a small misclassification error into the class, so that some small proportion of low types are
mislabelled as members of class B. Now, a fully informative policy that reveals class identity
introduces an inefficiency: the monopolist excludes consumers who are mislabelled as low
types from the market in order to limit the rents it must concede to all high types with
that class membership. The planner can mitigate this cost by pooling class B with class
A. Though this pooling will now incentivize the monopolist to introduce some downward
distortions to the newly created pool (as there are now high types to exploit), this effect has
zero cost to the first order, since the initial allocation was efficient. Hence, some degree of
pooling becomes optimal as class B membership becomes a weaker signal of a low type.

In section 5, we show that our findings arise in a variety of other classic asymmetric infor-
mation problems. In particular, we study a simple version of the BBM model of monopoly
pricing, models of monopolistic and competitive insurance, and optimal taxation, and find
similar implications for the optimal use of class-level information. In this way, we illustrate
that these incentives for using information appear to arise as a common feature of asymmet-
ric information problems, driven in large part by the strong local convexity that is induced
around exclusion thresholds.

Moreover, we show that our findings are not limited to the binary structure of the type
and class-membership spaces in our analysis. We show how to extend our main analysis
to allow for a continuous types and a continuum of class memberships (the latter ordered
along a one-dimensional space). In these cases, the tools of Dworczak and Martini 2019 can
be used to characterize optimal information design as a function of welfare, and we discuss
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conditions under which the optimal policy forms a natural extension of the pooling policies
described above.

The rest of the paper proceeds as follows. Section 2 discusses the relevant literature.
Section 3 sets up the baseline model, and Section 4 derives the main theoretical results.
Section 5 applies the framework to canonical information asymmetry environments, including
third-degree price discrimination, monopolistic and competitive insurance markets, and tax
problems. Section 6 extends the model to a continuum of class memberships and types,
while Section 7 outlines its boundaries. Section 8 concludes. Most proofs are relegated to
the Appendix.

2 Literature Review

This paper brings together themes from two strands of the information design literature.
The first analyzes how information structures interact with price discrimination. The sem-
inal framework of Bergemann, Brooks, and Morris (2015) studies information design under
third degree discrimination and has since been extended to environments with second de-
gree discrimination. Subsequent work, for example, uses similar geometric tools to examine
how additional information affects consumer surplus (Haghpanah and Siegel 2022) and when
Pareto improving segmentations can be constructed in such settings (Haghpanah and Siegel
2023). A unified framework is developed by Bergemann, Heumann, and Wang (2024), who
characterize the nongeneric environments in which such segmentation fails. Related work
further extends these insights to, for example, arbitrary welfare objectives and endogenously
determined types (Dosis and C. Rothschild 2024). Collectively, this line of research charac-
terizes how information shapes feasible welfare distributions when the designer in principle
has access to all relevant information and can freely combine second and third degree dis-
crimination. In practice, however, real world information is often constrained by institutional
or technological limits. These constraints matter for both policy design and firm behavior,
and our paper examines settings with exactly such constraints.

Our paper therefore also relates to the literature that studies information design with
constrained feasible posteriors that must satisfy restrictions beyond Bayes plausibility (e.g.
Bergemann and Morris 2016 and Dworczak and Martini 2019). This strand also includes
work on communication constraints, for example Le Treust and Tomala (2019) and Doval
and Skreta (2024), where limited or noisy channels restrict the set of feasible posteriors.
Fallah et al. (2024) impose privacy restrictions in the model of Bergemann, Brooks, and
Morris (2015). Intermediary-based or data-based constraints have also been explored, for
example when intermediaries observe imperfect valuation signals (Galperti, Levkun, and
Perego 2024) or when platforms selectively disclose consumer data (Fainmesser, Galeotti,
and Momot 2023). Finally, Farboodi, Haghpanah, and Shourideh (2025) study coarse signals
in the setting of Bergemann, Brooks, and Morris (2015).

While these papers differ in their specific objectives or forms of restriction, they all
study constrained information design in environments without screening. Our interest is in
understanding how exogenous information restrictions interact with second and third degree
price discrimination. We provide a tight characterization in a tractable class of models and
then show that the intuition from this characterization extends to a broad set of environments



beyond that benchmark.

3 Model Setup

We begin by considering a simplified environment with a simplified utility function, binary
types and binary classes. That is, individuals are split into two classes (e.g., young and old,
women and men) and, within each class, individuals have either high or low demand. We
will further assume that a regulator places some relative weight on consumer and producer
surplus, but the weight placed on consumer’s surplus is sufficiently high, in a sense we make
precise below. Section 6 extends the results to continuous types and signals.

Sellers A profit-maximizing seller offers a menu of products, each characterized by a qual-
ity ¢ > 0 and a price t > 0. A product is a pair (g, t). If the seller produces a good of quality
q, they incur a cost ¢(q) > 0, with ¢/(¢) > 0. If the seller sells a good of quality ¢ at a price
of t, their profit is

m(g,t) =t —c(q).

We impose the following restrictions on the cost function:
Assumption 1. ¢’(q) > 0 and ¢"(q) > 0.

The first part of Assumption 1 posits that the cost function is convex, a standard con-
dition ensuring the firm’s optimization problem is well behaved. This is all we need for this
section. When we turn to information design, we will also use the second part of Assump-
tion 1, namely convexity of marginal costs. We discuss in that section why this technical
condition is useful.

Buyers There is a unit mass of buyers. Buyers have types 6 € {0,,6,}, with 6, > 6, > 0,
which are each buyer’s private information. If a buyer of type 6 obtains a good of quality ¢
at a price of ¢, their utility is

U(q,t,0)=0q—t.

If a buyer does not purchase the good, their utility is zero.

Classes Let w € Q := {wa,wp} denote an observable characteristic (e.g., age or gender)
of the buyer. We refer to w as the buyer’s class. Class membership provides an imperfectly
informative signal about the buyer’s type 6, which is the only payoff-relevant attribute for
the buyer’s choices. In class w4, the share of individuals with type 6; is A4, and analogously
in class wp it is Ag. A buyer in class w4 is more likely to be of type 6, than a buyer in class
wpg, so without loss of generality we assume Ag < A4. Thus, in classes A and B, the shares
of individuals of type 6, are 1 — A4 and 1 — Ap, respectively. If A4 = Ap, the two classes
have the same composition, so there is no scope for information design.



Information The values A4 and A are common knowledge. Neither the seller or the
regulator know the type 6 of any buyer. The regulator commits to an information structure
(m,S), which consists of a signal space S and a mapping 7 : Q — A(S).”

Belief Updating Given a signal, the seller’s beliefs about class memberships become the
posterior © = P(w = wa). A given belief p about classes w implies that the seller believes
that the share of types 6, in the overall population of buyers is

A(p) := pra+ (1 — p) A, (1)

The belief that a buyer is of type 6, is 1 — A. In particular, if pg is the prior belief about
classes then, without any additional information, the seller will believe that the share of
types 6; is Ao := poAa + (1 — po) M.

Seller’s Actions A seller’s beliefs about class memberships p imply a unique distribution
of types A(u) following (1). For this distribution, the seller will maximize their profit by
choosing a feasible menu of two products: one product (¢ (A(u)),t;(A(x))) aimed at types
6;, and a product (q;,t;(A(w))) aimed at types 65,. As we discuss further below, the typical
result of “no distortion at the top” implies that ¢; does not depend on the seller’s beliefs.
We characterize the seller’s actions and discuss their feasibility in detail in Section 3.1.

Regulator’s Objective Suppose the regulator places a weight o on the consumer’s surplus
and a complementary weight 1—a on the seller’s profit. Then, if the seller allocates a product
(q,t) to a buyer of type 6, the regulator’s payoff is

v(q,t,0) = alU(q,t,0) 4+ (1 —a)m(q,t).

Then, for a given posterior belief 1, and assuming that the seller chooses their optimal
feasible actions, the regulator’s pay-off is

H(p) = Ap)olqr (A(p)), 7 (M), 00) + (1 = A(p))v(gh, 8, (A1), On) (2)

Timing The timing of the game is as follows. First, the regulator commits to an informa-
tion structure. Then, the buyer’s class w is realized. A random signal s ~ 7(w) is released to
the seller, who (Bayesian) updates their beliefs about w, forming a posterior belief u. Each
posterior belief u about the classes w implies also a belief about A, the proportion of types
0, in the population of consumers. Finally, the seller offers a menu of qualities ¢ and prices
t conditional on each realization of the signal s, and the each buyer maximizes utility by
choosing from the menu they are offered.

3.1 The Seller’s Problem

We begin by briefly revisiting the textbook results describing the seller’s behavior for a given
posterior belief A = P(6 = 6;) about customers’ types.® We will then use these results to

"There are two possible interpretations. First, the seller does not know w (for instance w refers to
the person’s income, which is unobserved). Second, the seller observes w (e.g., gender) but the regulator
constraints the seller in the extent to which w can be used in pricing.

8See for instance Salanié 2005.



characterize the regulator’s optimal choice of information structure.

In a first-best setting with symmetric information (i.e., if 6 is known for each buyer), the
seller would offer quality ¢©Z(#) such that the marginal cost of additional quality matches the
consumer’s marginal utility for quality: ¢/(¢"?(6)) = 6. Moreover, the seller would charge a
price that extracts the full surplus from each type: tf2(0) = ¢"?(0)0. In such a first-best
setting, there is no distortion and the seller captures the entire surplus.

Let ty,t; be the prices charged for qualities ¢y, ¢;. If the seller’s belief regarding the share
of types 6; is A, the seller solves

IP9(A) = max A-(t; —c(q)) + (1= A) - (tn — c(an))- (3)
thst,qh,q1
By a standard appeal to the Revelation principle, the seller solves (3) subject to (IR) and
(IC). Standard arguments imply only the H type IC and L type IR bind, and that the
solution involves separation of h and [ types into different contracts. This implies that prices
are
th = Ohan — @0 — 01), tr = 0iq.

Substituting these into the seller’s objective function and maximizing over g, q; yields

q; = q"B(0),) and

1—-A

g/ (A) = max {0, @ (@) =0 — T(eh — 91)} : (4)

The optimal menu induces type 6, to consume the first-best quantity ¢y, which is inde-
pendent of the belief A. The first-best quality for 6; is ¢"2(6;), but at the profit-maximizing
solution, type 6, is induced to choose strictly less than the surplus-maximizing choice, unless
A =1 in which case all buyers are of type 6;, so there is no private information and no dis-
tortion. The consumer surplus given belief A is equal to the total information rent accruing
to the 6; types, and is readily shown to be:

CS*(A) = (1 = M) (0 — b0L)q; (A). (5)

Because type 6,’s information rent increases in ¢, the seller distorts ¢, downward.

The quality that low-demand types are induced to buy ¢;(A) is decreasing in the hazard
rate %, which itself is decreasing in A. Therefore, the distortion is decreasing in the belief
A. Intuitively, when A is large, low types are more prevalent, making it more costly to distort
their allocation. Hence, A can be viewed as a measure of the inefficiency arising in a market.

Typically, the literature on second-price discrimination assumes all types are served, i..e,
(4) is strictly positive. However, it is important in our setting to allow for the possibility
that some types may not be served. From the expression for ¢; above, the optimal contract
involves not serving low types (¢f = 0) whenever

A<} (6)
O
The low type is excluded whenever A is sufficiently low (i.e. when low types are rare), or
0, is sufficiently small relative to 6,. When (6) holds, the profit gain from reducing the
information rent for 6, outweighs the cost of excluding #;. As we show below, this incentive
to exclude low-demand types will have important implications for information design in this
setting.



3.2 The Regulator’s Problem

The regulator’s problem is to choose how much of the buyers’ class-specific information
should be revealed to the seller in order to maximize social welfare. By committing to a
particular information disclosure policy, the regulator shapes the seller’s posterior belief A
that a buyer is of the low-demand type. This belief, in turn, determines how the seller
tailors the menu of contracts and the extent to which the seller distorts the allocation for
low-demand buyers. The regulator’s objective is to select a distribution over these posterior
beliefs that maximizes their objective. At the same time, the policy must satisfy Bayes’
plausibility; that is, when the seller averages over all possible posteriors, the overall belief
about the buyer types must equal the prior Ay.

As stated above, the regulator’s objective function, as a function of posterior beliefs is
given by H (u) defined by (2) for p € [0, 1]. By Kamenica and Gentzkow (2011), the welfare-
maximizing information structure is to choose a distribution 7 € A([0, 1]) over the posterior
belief i € [0, 1] to maximize this objective. Specifically,

E,..[H 4 Buor[p] =
max [y [H (11)] s.b. Epr[u] = po (7)

We now show that this problem is equivalent to one where the objective function is
W (A) defined as follows. Since a given belief p implies a unique distribution A(w), it will
be convenient in what follows to express the regulator’s pay-off as a function of this induced
distribution:

W(A) = Av(g/ (A), 7 (A), 0r) + (1 — M)v(gp, th(A), 0n)
= aCS*9(A) + (1 — a)IT*(A) (8)

for A € [Ap, A4l
Lemma 1. The welfare-maximizing information structure solves the following problem:

ma Epnwo|[W(A
re B2, ) BanolW(A)]

s.t. Eavo[A] = Ay. (Bayes Plausiblity)

Proof. Changing the variables from p to A using A = pds + (1 — p)Ap yields Lemma 1. [

Lemma 1 describes a problem in which the regulator directly chooses a distribution over
interim beliefs A that the seller holds over the consumer’s type; we may view this induced
A as an observable segment in which the consumer lies. The regulator’s choice of segment
assignment is subject to two constraints. First, the regulator cannot systematically alter
the seller’s mean belief in the consumer’s type (each consumer having been assigned to
some segment). This is simply a Bayes plausibility constraint. The second constraint is an
informational one: the regulator cannot provide more information than it can observe itself
(that is, class membership). As a result, any observable segment must have an associated A
which corresponds to some mixture of Ag and 4. Equivalently, we must have A\g < A < A4
for all A € supp o.



We now show that the optimal information structure obtained from the concavification
of H(p) on the domain u € [0, 1], can be identified with the concavification of W(A) on the
constraint set A € [Ag, \4).

Lemma 2. Let f: [0,1] — R, and write co(f) for the smallest concave majorant of f. Let
y = ax + b, for scalars a,b with a > 0. Then the function g : [b,a + b] — R defined by

o) = foattn =1 () )

a

has
co(g) = co(f) o™ (10)

Proof. We need only verify that co(f) o 27! is the smallest concave majorant of g. That
co(f) ox™! is concave and majorizes g are obvious.

We show that co(f) o 7! is the smallest such majorant. Suppose for the sake of a
contradiction that there exists some other concave function h : [b,a + b] — R with

g<h<(cof)oz™?

with h(y') < (cof)ox™'(y') for at least one y' € [b,a+0b]. Then the function hoy : [0,1] - R
is a concave majorant of f with h < co(f), and

y —b y —b

h

) < co(f)(

a a

),

so co(f) is not the smallest concave majorant of f, a contradiction. ]

Lemma 2 is convenient. While the function H(u) varies with the parameters Aa, Ag, W
does not. As we will see in the next section, this change of variables admits a simple geometric
approach to solving for the regulator’s optimal information policy as a function of the classes.
Moreover, as A is the sufficient statistic for determining both the seller’s behaviour and
interim surpluses, working with it has the advantage of more directly capturing the economic
trade-offs facing the regulator. The intuition is straightforward: p and A are linearly related,
and so the change of variables preserves the curvature of the welfare function. As a result,
the two functions share essentially the same concavification—up to a linear rescaling of the
domain.

4 Results

In this section, we maintain the following assumptions, which are useful for characterizing
the geometry of the regulator’s objective function:

Assumption 2. o > 1/3

Assumption 2 implies that the regulator places a sufficiently large weight on the surplus
of consumers. This kind of special regulatory concern for consumer protection is not unrea-
sonable. Indeed, competition authorities such as the Federal Trade Commission (FTC) and
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Competition and Markets Authority (CMA) appear to give significant priority to consumer
welfare.” Still, we do not require that the welfare objective puts more weight on consumers
than producers (a > 1/2). Indeed, Assumption 2 admits the case of a regulator whose objec-
tive is to maximize aggregate surplus (o = %) Beyond that, our focus is on understanding
the behaviour of a regulator who does not put too much weight on the producer.

The second part of Assumption 1, i.e. convex marginal cost, implies that the seller’s
optimal supply to low types g becomes successively less sensitive to increases in virtual
values (see the right side of (4)), on the range A > A on which low types are always served.
As virtual surplus is increasing in A and subject to diminishing returns, these features
together imply that the the seller’s offer ¢ to low types is concave. One interpretation
of this is therefore that A has a diminishing marginal impact in correcting the monopoly
distortion.

With these assumptions in hand, we are now ready to characterize the geometry of the
regulator’s objective in A.

4.1 Characterizing the Regulator’s Objective

This subsection characterizes the geometry of the regulator’s interim objective W (A) de-
scribed in (8). This geometry is useful for understanding the regulator’s incentives to influ-
ence the firm’s beliefs, and is thus a key input to solving its information design problem.
Under Assumptions 2 and 1, we show that W is is ‘S-shaped’: in particular, it is first affine
on A € [0,A], reaches a convex kink at A = A and is thereafter concave on A € (A, 1].

Proposition 1. For A < A :=1— 0,/0,, the low type is excluded, q(\) =0, and
W(A)=(1-a)(l- A)(Qth - C(qh)),
which is affine and strictly decreasing in A.

Proof. In this region, W(A) does not depend on ¢;, and moreover ¢, does not vary with A.
Since 0,qn, — ¢(qn) > 0, the result follows. ]

In the region A < A, the seller does not change the menu offered in response to changes
in beliefs. Therefore interim welfare changes only through the direct effect of the change in
beliefs about the proportion of types 6;, and is therefore linear. Since low types are excluded
from trade in this range, W decreases in their share A on this range.

By contrast, for A > A, the proportion of low types is sufficiently high that the seller no
longer excludes them, and moreover adapts its menu so that distortions are decreasing in A.
The next proposition characterizes the consequences for welfare:

9For example, the FTC describes advancing consumers’ interests as a major goal, as “...the only federal
agency that deals with consumer protection and competition issues in broad sectors of the economy.” (Fed-
eral Trade Commission 2025). Likewise, in describing the CMA’s purpose, Chief Executive Sarah Cardell
said “consumers... must have the confidence that the CMA is actively standing up for their interests”
(Competition and Markets Authority 2025).
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Proposition 2. Suppose Assumptions 2 and 1 hold. For every A > A, the low type is served

and
1 -3«

W) < AGA) —

W is thus strictly concave on (A, 1].

Notice that the conditions in Proposition 2 (Assumptions 2 and 1) are sufficient but not
necessary for the concavity of W. As discussed in section 4, Assumption 1 is sufficient to
ensure that ¢} is concave in A for A > A. Tt is not hard to verify that this in turn is sufficient
to ensure that C'S*% is concave on the range A > A. While PS*¥ is convex on this range,
we show in the Appendix that Assumption 2 implies that enough weight in W is placed on
CS*%9, so that its concavity is inherited everywhere on A > A.

While Propositions 1 and 2 characterize the shape of W on the domains A < A and A > A
respectively, they do not fully describe the geometry of W because they are silent about its
properties as A crosses these domains. The following Lemma completes our characterization
of the geometry of W by describing this transition.

Lemma 3. Suppose Assumptions 2 and 1 hold. The right-derivative of W at A = A strictly
exceeds its left derivative:

W' (AL) < W' (A,).

Lemma 3 establishes that W has a convex kink at A = A. Importantly, this implies that
W is not globally concave. If it were, then the regulator would always prefer to reveal no
information about class membership at all, regardless of the values of Ag or 4. By contrast,
the existence of this convex kink introduces at least some incentive for the regulator to
provide information. The underlying reason for the kink is simple: to the left of A, low type
consumers are shut out of the market and the seller fully extracts surplus from high types.
However, as A increases above A the monopolist becomes willing to serve low types, which
leads to information rents and positive consumer surplus. This induces consumers to be
locally information loving (i.e., convex) at A, since small increases in A yield them positive
rents, while small reductions do not cause them to sacrifice any rent. Since the seller is
always naturally information loving, W also inherits this property.

A common assumption in the literature is the case of quadratic costs, i.e. c(q) = 1¢°.

Quadratic costs imply ¢’(¢) = 1 and ¢”(q) = 0, so Assumption 1 is satisfied. In this spezcial
specification, the regulator’s objective simplifies to W = (1 — 3«) (AA(?Q, so W is concave on
[A, 1] if @ > 1/3 and globally convex otherwise. Since full information revelation is optimal
under global convexity, assumption 2 is unnecessary in this knife-edge quadratic case. We

discuss the case when « < 1/3 in Section 7.

4.2 Optimal Information Design

We now characterize the regulator’s optimal information policy for o > 1/3 (with ¢’(¢q) > 0
and ¢”(q) > 0). Throughout, remember that the prior over types induced by the class prior
Mo 18

AO = ,u())\A + (1 - MQ)/\B S [/\B, )\A],
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and, from Section 4.1, the interim objective W (A) is affine on [Ag, A] and concave on (A, \4],
with strict concavity on (A, A4] whenever a > 1/3 or ¢ > 0.

Following Kamenica and Gentzkow 2011, the optimal information policy is obtained by 1)
building the concavification of W(A) for A € [Ap, A4] and 2) evaluating this concavification
at the prior Ag € [/\B, )\A]

If \p < Aa < A then W(A) is linear decreasing in its entire domain A € [Ap, A4]. In this
case, the concavification coincides with the function itself and all information policies yield
the same value for the regulator.

If A < Ap < A4 then W(A) is concave in its entire domain A € [Ag, A4]. In this case, the
concavification again coincides with the function itself and the optimal information policy is
no revelation.

We therefore focus henceforth on the interesting case where A\g < A < A4. This is the
case where, if class membership were fully revealed, individuals of class wg would be offered
a menu that excludes types #;, but individuals of class w4 would be offered a menu that does
not exclude types 6;.

In this case, we show that the concavification of W (A) consists of a straight line from
the point (Ag, W(Ag)) to a point (A, W (A)) and then coincides with W (A) for A > A.

This implies an information policy a following family of one-parameter partial revelation
policies, parameterized by A. This family includes full revelation and full privacy as limits.
We will then show that the optimal information policy is included in this family.

More precisely, fix a target A € (A, A4] and consider the signal space S = {“B”, pool}.
From Kamenica and Gentzkow 2011, we know that since the space of classes ) has only
two elements, only two messages are needed. The prior belief over classes is py. Define
the partial revelation policy PRP(A) as follows. First, if w = w4, send the signal pool with
probability 1. Second, if w = wpg, send the signal “B” with probability 1 — ’y(f\) and pool

~

with probability v(A), where

A= ma-h) o A-A 1
&) (1—M0)(A—/\B) (1—N0)(A—/\B> ()

Upon sending the message “B”, the posterior is clearly A = Ag. Upon sending the
message “pool”, Bayes’ rule gives the posterior over class memberships as

N Ho

~

fio + (1 — po)y(A)’

and in turn this implies a posterior over types A = A4 + (1—[)Ap = A.
Thus PRP(A) induces a two-point posterior on A with support {Ag, A} and weights

A — Ag . Ao — \p

— Pr{A=)\g} = = . l—z =Pr{A=A} = = 12
v = Pr{A=Agp = T p=Pr{A=A) = T @)

These weights satisfy Bayes plausibility:  Ap + (1 — x) A = A,. )
Notice that full information and zero information are a part of this family. If y(A) = 1, no

information is revealed, and therefore full privacy obtains. If v(A) = 0, the signals separate
classes A and B fully, and full revelation obtains (in this case, a signal of ”"pool” would be
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fully revealing of class A). Notice also that these information policies convey information
only about classes w, not types # which are the private information of individual.

We have defined a general partial revelation policy for an arbitrary target A. Now, we
we show that the optimal information policy belongs to this family and has A = A*, which
we define below.

Proposition 3. Suppose Assumptions 2 and 1 hold. For any prior Ag € [Ap, Aal:

1 If Aa < A, W(A) is affine on [Ag, Aa] and all information policies (in particular any
PRP(A)) deliver the same expected objective W (Ag).

2. If \p > N, W(A) is (weakly) concave on [Ap,\a] and full privacy (the degenerate
posterior at Ny) is optimal.

3. If \g < A < Ay, there exists a threshold A* € [A, 4] such that:

o if Ao < A*, an optimal policy is PRP(A*), which induces posteriors { g, A*} with
weights given by (12);

o if Ay > A*, full privacy is optimal.
Moreover, A* is the unique solution to

W(A) — W (Ap)
A =
Ve e T A

. (13)

To see the relevance of (13) to Proposition 3, observe that the regulator’s optimal in-
formation structure lies in the family that corresponds to splittings of the prior belief Ag
into Ag and some A > Ag. The regulator’s payoff from a policy in this family can then be
expressed as

A=A
T A g

=W(Ag) + (Ao — Ap)

Ao — Ap
2w (A
Aoy, VW

W(A) = W(Ag)
A— g ’

E[W]

W(Ag) +

(14)

so that the regulator is interested in maximizing the chord gradient described in (13).
Indeed, when Ag < A and A4 = 1, it follows from Proposition 3 that the regulator’s optimal
payoff is given by the concavification

wq&g+(4¥ﬁ)wn for Ay < A < A*
W(A), for A <AL,

where w* is the value of the chord gradient in (13) at A = A*. Hence, we obtain a full

characterization of the concavification. Moreover, if A4 < 1 but A4 > A*, the concavification

remains the same as in the case with Ay, = 1. If instead A4 < A*, the concavification coincides
with full information.
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As we discuss in the next section, both A* and w* depend in general on A\g and «. It
is useful to highlight the economic content of the policy in Case 3. Since A\p < A4, class B
has the smaller share of low types and therefore exhibits the largest downward distortions
for the low type. The optimal partial policy sometimes reveals B (placing some mass at
Ap) but never reveals A; the remaining B-buyers are pooled with all A-buyers to produce
a single posterior A that is chosen exactly at the point where the chord from Ag to A is
tangent to W (A). As more B mass is drawn into the pool, A in the pool falls and the pool’s
distortion rises; A equates the marginal gain from carving out additional B mass (who then
face the B-specific menu) with the marginal loss from worsening distortions in the pooled
menu composed of all of class A and some of class B.

0.8

0.0 0?2 0T4 OTG 0?8 1.0
Probability of Low Type (A)

Figure 2: The regulator’s objective function dependent on the interim belief A with cost
function ¢(q) = t¢*. Dashed lines are concave closures for different relative welfare weights

3
Q.

4.3 Comparative Statics

In this section, we discuss how optimal information structures vary in the parameters o and
Ap, maintaining assumptions 2 and 1.

We treat the overall share of low types Ay across both classes as the fundamental market
characteristic that remains fixed. When we vary A4 (the share of low types in class A),
we simultaneously adjust A\p to maintain the same aggregate Ay. This approach captures
situations where the underlying composition of the consumer population stays constant, but
different observable signals partition this population in different ways. For instance, various
demographic characteristics—gender, age, location—represent alternative ways to divide the
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same consumer base into classes, each yielding different values of Ay, Ag while preserving
the overall type distribution Ag. B
We focus attention in this section on the non-trivial case where A\p < A < \4.

Lemma 4. Under Assumptions 2 and 1, the function

W(A) = W(As)
A =g

(15)

is strictly quasiconcave. Hence, there is a unique N* satisfying (13), which solves the com-
plementary slackness conditions

W(A*) = W(Ap)

W'(A*) — e > () (16)
A*—1<0 (17)
(0 = FELETE ) (e -y = (19

and satisfies A* € (A, 1]. Finally, when AN* satisfies (16) with equality, the left side of (16)
has derivative W"(A*) < 0.

We now describe the comparative statics of A* in the following two lemmas. Where
convenient, we may write A*(Ag) or A*(«) to emphasize the relevant dependency.

Lemma 5. (Comparative statics of A* in A\g) Fiz a > 5. There exists a X € [0, A) (which
may depend on «) such that A* satisfies (16) with equality if and only if Ag € [Nz, A).
Moreover, A* is a decreasing, differentiable function of Ap on this range, with limy , 5 A* =

A.

Figure 3 illustrates the comparative-statics intuition with respect to Ag. When Ny €
[A, 1), the optimal information design features full privacy. In this region equation (16) is
slack, so neither the information structure nor A* responds to changes in \p.

At Xy € [0,A), equation (16) binds. Partial information revelation is optimal and the
chord tangency at D corresponds to A* = A . At N}, € [ jB,A), the chord gradient is
shallower, shifting the tangency to point E, with corresponding A* = A’™*, to the left of D.
When A\g = 0, the chord tangency occurs exactly at A* = 1.

Lemma 6. (Comparative statics of A* in o) Fiz A\g < A. There exists a o/ € [3, %], with
o = % if \g = 0, such that A* satisfies (16) with equality if and only if o > o’. Moreover,

A* is a decreasing, differentiable function of o on this range.

The comparative statics of the regulator’s optimal information structure follow straight-
forwardly from these lemmas. Indeed, the parameter A4 simply enters as an additional
constraint of the form A* < A4 in the problem described by (13). This constraint binds if
and only if A* > A4, in which case (by the quasi-concavity of the objective) the constrained
optimum is Ay4.

For general \p < A < A4, the optimal information structure is therefore described by a
Bayes plausible splitting to {Ag, min{A*, A4 }}, where the probability of revealing class B is
increasing in A*, with full revelation if and only if A* > A 4.
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Figure 3: Graphical Intuition for Lemma 5 with o = 1/2. Dashed lines are concave closures
for different class compositions Ag.

4.4 The Pareto frontier

In the comparative statics earlier, we examined how the optimal information structure varies
locally in the weight assigned to consumer surplus. Using these results, we characterize the
Pareto frontier in the (consumer surplus, producer surplus) plane generated by information
policies. This is useful to quantify the trade-off faced by a regulator: the producer-surplus
cost of delivering an additional unit of consumer surplus.

The results in the previous section provide a simple characterization of the consumer and
producer surplus for any given a. When A\g < A and a > %, consumer surplus is:

MOC’S”Q()\A) if g < A*(a)
CS(0) ={ gr2a-CS™ (A (o)) if Ao < A*(a) < Aa (19)
AOCSseg(AO) if A*(Oé) S Ao,

where C'S*%9 was defined in section 3.1. C'S(«) therefore represents the ex ante expected
consumer surplus across segments induced by the optimal information design of a regulator
with weight «.

The producer surplus is defined analogously:

1oIT*9 (A a) + (1 — 110)IT*9 (A ) itAs < A*(a)
- se * A*(a)—=A se : *
PS(a) = ¢ FRSATI9(AY(0) + a2 (Ap) if Ag < A*(a) < Aa (20)
AOHseg(AO) lfA*(Oé) S Ao.
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Let Z be the set of all welfare vectors (C'S, PS) that are achievable with some information
design, and let

7% ={(CS, PS) € Z| B(CS',PS') s.t. CS' > CS, PS> PS and CS' + PS' > CS + PS}

be the Pareto frontier. Note that (C'S(a), PS(a)) € Z* for @ > 4. For a < i, we have
not characterized C'S(«) and PS(«), and it is possible they are correspondences. We mildly
abuse notation by continuing to denote it by (C'S(«), PS(«))) in what follows. Since we are
ultimately interested in the a > % case, the following proposition takes Ay < A* (%), and
shows that the entire Pareto frontier is characterized by points (C'S(a), PS(w)) for a > 3.

Proposition 4. Fiz A\g < A and assume A < Ay < A* (%) Then da > % and @ < 1 such
that
z" ={(CS(a), PS(a))}

a€la,a]

If and only if Aa < A*(1), we can take a = @. Otherwise, we can choose o and @ such that
a — (CS(a), PS(a)) is a diffeomorphism on [a, @], with @ < 1 if and only if Ay > A*(1).

A few comments on Proposition 4. First, full information revelation is always firm opti-
mal, and, except in knife-edge cases, there will be a neighborhood of 0 for which it remains
so—that is, a whole range of a values which yield the same point on the Pareto frontier. For
instance, in the case with ‘trivial’ class memberships (considered by Bergemann, Heumann,
and Wang 2024 and Dosis and C. Rothschild 2024, and as implied by Lemma 6), full infor-
mation revelation is optimal for all o € [0, %] , and A*(a) = 1 in this range. The assumption
that Ay < A*(3) is thus often a reasonable one. Indeed, it follows from Lemma 5 that for
any A4 € [A, 1] there exists a threshold Nz € (0, A] (decreasing in A4) such that Ay < A*(3)
whenever Agp < Ng. We make it here for expositional simplicity, as it ensures that full in-
formation is optimal at o = %, and therefore for all lower . This in turn ensures that the
entire Pareto frontier is traced out for a for which we know W is concave. We discuss what
can happen otherwise in section 7.

Second, when Ay < A*(1), full revelation is the only Pareto optimal point, as will be
true, for instance, when A4 is sufficiently close to A. Otherwise, the consumer optimum will
always involve some degree of privacy. Indeed, it follows from Lemmas 5 and 6 that there
is a further threshold A} € (0, \y) (decreasing in A4) such that A4 > A*(1) when Ag > N7,
and some privacy is optimal for sufficiently high «.

Third, only if Ay > A*(1) do consumers find full privacy to be optimal. In that case,
there may be a range of o near v = 1 for which full privacy is optimal, and we would then
be able to trace out the entire frontier using a range of « values strictly interior to [0, 1].

Fourth, because the Pareto frontier is differentiable, its slope at the point which is optimal
for social planner with welfare weights a is equal to —;%-. If a < %, this means that
the Pareto frontier will be shallower than 45-degrees; in this region, the “equity-efficiency
tradeoft” of information is reversed relative to the case without classes: information regimes
that are better for firms are worse for efficiency. As a simple corollary of Lemma 6, a < %
will always hold when Ag > 0 and A4 is sufficiently close to 1.
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5 Extensions and Robustness

This section shows that the basic insights from the preceding do not hinge on the particulars
of the Mussa-Rosen-like monopoly screening environment. We show that they apply in
four distinct settings: a setting without screening (third-degree price discrimination only);
a monopoly insurance setting; a competitive insurance setting; and an optimal income tax
setting.

5.1 Only Third-Degree Price Discrimination

Consider instead a profit-maximizing seller who can only offer one product, so there is only
third-degree price discrimination, as in Bergemann, Brooks, and Morris (2015). We use the
same notation and class-level characteristics as in our main model and normalize the firm’s
cost to zero.

— W)

--= Concave Closure

Figure 4: Interim welfare function and its concave closure in the case of only third-degree
price discrimination. Dashed lines are concave closures for different class compositions Apg.

Figure 4 illustrates the concave closure with a single-product seller under third-degree
price discrimination. With only third-degree price discrimination, the exclusion threshold
is A := 1 — 0;/0,. Note that in trivial cases, i.e., when Az > A or A4 < A, the concave
closure coincides with the interim welfare function W(A), which is linear. In this case, all
information structures yield the same expected consumer and producer surplus.

Given a posterior low—type share A, the seller sets the revenue-maximizing price

Qh A</_\
*A: ) _’
) {el, Az A,
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yielding producer surplus II(A) and consumer surplus U(A):

o (1=A), A<A, o, A <A,
m)‘{el, A> A U(M‘{(eh—el)-(l—m, A 2y

Notice that A is exactly the threshold below which the low-type consumers are excluded.
The interim social welfare is

On- (1 —A), A < A,
W(A) :=1II(A) + U(A) = _
(A):=TA) + U {(eh—el)-a—/\)wl, A A
_ —QhA + 9h7 A< /_\, (22)
(O —0)-A+6,, A>A

Our next result shows that the optimal information structure under only third-degree
price discrimination has a similar structure as the one in Proposition 3, demonstrating the
robustness of the insights in Section 4.

Proposition 5. Under only third-degree price discrimination, we have

1. if \g < A and Ay > A:

(a) for Ao € [Ap, A): an optimal information policy is PRP(A), which induces poste-
riors {Ap, A};

(b) for Ao € [A, \a]: full privacy is optimal;
2. otherwise, all information structures are the same.

Proof. This mainly follows from the (22) about the interim welfare function and Figure 4
about the characterization of the concave closure. O

We also fully characterize the achievable region in this single-product setting, where the
regulator (sender) can disclose only class identity. The feasible set either (i) degenerates
to a single point or (ii) forms a triangle that is strictly contained within the BBM triangle
(Bergemann, Brooks, and Morris 2015). Moreover, the frontier has slope everywhere at most
1 (i.e., less than 45°). See Appendix C.1 for details.

5.2 Monopolistic Insurance Markets

We next consider a classic two-type selection market a la J. E. Stiglitz 1977. There is a
unit mass continuum of consumers who are considering purchasing an insurance contract.
An insurance contract consists of the quantity of coverage ¢ € [0, 1] of insurance it provides
and its premium ¢ > 0 (with ¢ = 0 and ¢ = 1 corresponding to no and full insurance,
respectively.) Consumers differ only in their privately known type i € {h,{}, with a mass
Ao € (0,1) having type .

The [-types have a lower willingness to pay for insurance coverage, but also impose a
lower cost on firms when they buy insurance, when compared with h-types. Specifically,
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following Spence 1978, consumer preferences are quasilinear in premium: w;(q) — ¢, and for
ease of exposition, we assume u; = 92-%(1“’, with v < 0.5. If a firm sells to type i, its profit is
t —0;q. Note that this preference structure implies a type-independent “first best” insurance
quantity ¢? =1 (i.e., full insurance). The key difference between this setting and that of
Section 3 is the common value feature: firms’ costs also depend on the buyer’s type.

We first consider the monopolist’s optimization problem given the firm’s posterior beliefs
A (i.e., the share of [ types). As is standard, the monopolist chooses the expected-profit-
maximizing incentive compatible and individually rational menu {(g, ), (qn,tn)} of type-
specific contracts. The individual rationality constraint for the h type is redundant, as
is the incentive compatibility constraint for the [-type. We can thus write the monopoly
equilibrium as the solution (g;(A),t,(A), ¢, th(A)) to the mathematical program:

H(A) = max A(tl — qlel) + (1 — A) (th - thh) (23)

qi:t1,qn,th
subject to incentive compatibility of type h
On O
—qn —th > —q — (24)
8 8
and participation of type [
1
0—q —t1 > 0. (25)
f)/

Standard arguments (J. E. Stiglitz 1977) yield a simple cutoff form for equilibrium. If

(26)

then the [ type is excluded, and the monopolist sells f_ull insurance ¢, = 1 to h types at the
price 6;/v equal to their willingess to pay. For A > A, the monopolist sells to both types.
The [ types obtain partial coverage at the level ¢;(A) solving

0ig) " — (1= N)bhg ™" — A, = 0, (27)

priced at their willingness to pay %ql(A)V. The h types continue to get full insurance, but

now earn positive information rents (ehv;el)qg(/\).
When (e.g.) a = %, the social welfare generated per unit of individuals in a segment with

firm beliefs A is:

WM(A) = %CS(A) + %PS(A) (28)

:%(A(%MAV—@%MO%%l_M(%FﬁO>

if A> A and L(1— A) (%— h) for A < A.
Per the following lemma, the properties of the welfare function in the monopoly insurance
case perfectly mirror those described in Propositions 1 and 2 in the Mussa-Rosen case.
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Lemma 7. WM(A) is affine and strictly decreasing in A on [0, A], and is strictly concave
on [A,1].

Optimal information policy therefore takes the exact same structure as described in
Proposition 3. In particular, if A\g < A < A4, then there exists a threshold A* such that
optimal policy is partially revealing (splitting to Ag and A*) of Ay < A*, and calls for full
privacy if Ay > A*.

5.3 Competitive Insurance Markets

We now build on the previous section to study competitive insurance markets. The classical
framework for this problem is that of M. Rothschild and J. Stiglitz 1976 and Wilson 1977.

In Rothschild—Stiglitz (RS) model, firms simultaneously offer menus of contracts and, by
free entry and the absence of cross-subsidization, each individual contract must break even at
the clientele it attracts: if type i € {l, h} selects (g;,t;), then t; = 6;q;. With single-crossing,
the equilibrium (when it exists) is separating and independent of the type distribution A: the
high-risk type receives full insurance at its actuarially fair premium, (qn,ts) = (1, 6}), while
the low-risk type is offered a distorted (partial-insurance) contract on its own zero-profit
locus, (qi,t;) = (¢S, 0,¢f*), where ¢f** € (0,1) is uniquely pinned down by the high-type
IC condition that deters mimicking of the low-type contract:

D= Py et = Dy ag® - a(i-2) =0

g 8 g 8

Thus, RS delivers zero profit on each contract, full insurance for h, a downward distortion
of ¢ to satisfy h’s IC, and an allocation that does not depend on A.

However, as is well known, the RS equilibrium does not exist for all values of A. A
commonly used alternative equilibrium concept, which always exists in such markets for
all values of A, is the so-called Miyazaki-Wilson-Spence MWS equilibrium (Miyazaki 1977;
Wilson 1977; Spence 1978). Intuitively, this equilibrium is the allocation that results from
maximizing the surplus of type [ subject to firms breaking even (on average across all con-
tracts offered) and the participation constraint of type h. This is the allocation that results
from a game where firms are allowed to remove loss-making contracts. '

The MWS equilibrium coincides with the RS equilibrium for values of A for which
the latter exists. For other values of A, the MWS equilibrium is given by the solution
(M5 (A), VS (A), g™ S (A), t7VS(A)) to the mathematical program:

1
max 6,—q —t, (29)
Y

q1:t1,qn,th

0More formally, to find a MWS equilibrium, one considers firms that compete by offering menus of
contracts and are allowed to withdraw any contract that earns negative expected profits given the clientele
induced by the prevailing set of offers. A firm may introduce a new contract (or menu) while anticipating
that, once customers re-sort, all loss-making contracts—its own and rivals’—will subsequently be withdrawn.
An equilibrium is a set of menus that is (i) closed under such withdrawals (no offered contract makes losses
at the induced take-up), (ii) immune to profitable additions under foresight (no firm can add a contract that
remains strictly profitable after the induced withdrawal step), and (iii) breaks even on average across the
contracts a firm offers, allowing for cross-subsidization within a menu. See (Wilson 1977; Miyazaki 1977;
Spence 1978); for game-theoretic foundations and existence under withdrawal dynamics, see, e.g., Mimra
and Wambach (2011) and Netzer and Scheuer (2014).
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subject to incentive compatibility 24 a break even constraint,

(1= A) (Ongn —tn) + A1 — ;) > 0 (30)
and a “outside option” constraint
1 0
Oh—q,, — th > L, (31)
Y Y

that h types must be at least as well off as they would be in a competitive market if they
revealed their type.

Recall the definition of the exclusion threshold A in the context of monopoly insurance,
from (26). It is straightforward to show (following Spence 1978) that there exists another
cutoff denoted AM"S > A such that the outside option constraint 31 binds for A < AMWS,
Then, the solution coincides with the Rothschild-Stigliz equilibrium, and is independent of
A.

For A > AMWS  constraint 31 is slack and can be dropped. In this case, direct compar-
ison reveals that the program defining the MWS equilibrium is mathematically dual to the
program defining the monopoly equilibrium. In particular, the MWS competitive program
maximizes L-type utility subject to a minimum profit constraint, while the monopoly pro-
gram maximizes profits subject to a minimum L-type utility constraint. By quasi-linearity,
this means that ¢ (A) (and ¢,(A) = 1) and ¢, — t; are the same in the monopoly and com-
petitive equilibrium. The solutions differ only in the transfers ¢; (and t;). The premiums
are pinned down by the zero-profit condition 30 in the competitive case (in contrast to being
pinned down by the participation constraint 25 under monopoly.)

The MWS equilibrium (given beliefs A) can be understood as the allocation that ob-
tains when the monopoly profits are fully competed away in the form of uniformly lower
premiums. Let WWS(A) be the total surplus that obtains in this competitive insurance
market, under the MWS equilibrium, when the share of types [ is A. When a = %, transfers
between producers and consumers do no affect the objective function. Therefore, WMWS(A)
is identically equal to the monopoly’s surplus W (A) (from (28)) on A > AMWS and hence
also strictly concave there.

Moreover, because the equilibrium allocation (and hence the realized profit on a given
individual of a given type) is independent of A for A < AMWS WMWS(A) is again affine and
decreasing on [0, AMW5]. In this region, equilibrium allocations are as in RS, which does not
depend on the type distribution.

Optimal information policy therefore takes the same structure as described in Proposition
3. If \g < AMWS < X4, then there exists a threshold A* such that optimal policy is partially
revealing (splitting to Ag and A*) if Ag < A*, and calls for full privacy if Ay > A*. The
result is summarized in the following lemma.

Lemma 8. WMWS(A) is affine and strictly decreasing in A on [0, AMWS] and is strictly
concave on [AMWS 1],

5.4 Tax setting

In the insurance context of the two preceding subsections, we saw that the monopoly problem
and the MWS competitive insurance equilibrium problem were mathematically dual to each
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other. In this section, we consider the dual to our baseline Mussa-Rosen model, and show
that it can be interpreted as a model of optimal taxation. As in the insurance case, we focus
for simplicity on the a = % special case.

In the Mussa-Rosen model, the monopolist maximizes its profits II = (1—A) (¢t —c(qn))+
A(t; — ¢(q)) subject to incentive compatibility, a participation constraint U(q, ¢;,6;) > 0
and, implicitly ¢; > 0 (the last constraint being what drives the “kink” in Figure 2).

The dual of this problem would consist of maximizing the utility U(q;, ¢;,0;) = 6,q; — t;
subject to incentive compatibility and a zero profit constraint II > 0 and ¢; > 0.

By quasi-linearity, the solution to the dual features the same allocations ¢, ¢, and the
same difference in “prices” t;, —t; (and hence the same exclusion cutoff A). The solution to
the dual problem can therefore be found by starting from the solution of the primal problem
and then “rebating” profits uniformly to consumers. Since transfers between consumers and
producers do not affect the value of the objective function in the a = % case, the objective
function for the dual is thus identical to the objective function in the primal. Therefore,
optimal information design for the dual is the same as information design for the primal.

We now re-interpret variables to see that this dual problem is a reasonably standard
Mirrleesian (Mirrlees 1971) optimal tax problem with two types a la J. E. Stiglitz (1982). Let
y =t be interpreted as “pre-tax earnings” and let = = ¢(q) be interpreted as “consumption”
or “after tax earnings”, so that the total tax paid is y —x. Then profits can be re-interpreted
as government surplus:

Y

IT = (1 — A)(yh — xh) + A(yl — xl). (32)
Similarly, utility can be written as

Ui = 0 (i) — i, (33)

lis a concave function. This utility is cardinally equivalent to

Ui = (xi) — vi /s, (34)

where ¢ = ¢~

so if we additionally interpret 6; as a wage and hence y;/0; as a labor supply, we have a
standard two-type optimal tax problem with quasilinear-in-labor preferences as used, e.g.,
in Lollivier and Rochet (1983), Weymark (1987), and Boadway, Cuff, and Marchand (2000).

How can we interpret information design in a tax setting? The dual Mussa-Rosen problem
is the Rawlsian optimal tax problem. When Ag > 0.5, there is a natural interpretation of the
information design problem: it corresponds to choosing tax jurisdictions. Once jurisdictions
have been defined, policy will be determined by the median voter, which (by Ag > 0.5)
is the lower-wage worker—hence the Rawlsian tax policy within each jurisdiction. But
the jurisdiction designer may care about welfare of both the high and low wage type—for
instance, in the o = 1/2 total surplus case where the two types are equally weighted.

Because the optimal tax problem is the Mussa-Rosen dual, and because the welfare
function W is the same in the dual as the primal, all our results for optimal information
design apply here. For instance, optimal design when Ay < A* is “partially revealing.” It is
optimal to create some homogeneous class-B jurisdictions, and some other jurisdiction that
blends both classes.
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6 Richer class and type spaces

In our main analysis, we made two simplifying assumptions: that the class membership
distribution was binary, resulting in two potentially observable consumer classes, A and B,
and that there are two underlying fundamental types. This section shows that neither of
those simplifying assumptions are critical.

6.1 Binary types and continuous classes

First, nothing in our analysis relies on a binary distribution of class memberships. The main
results extend readily to the case in which payoffs are as described in section 3 and types
continue to follow a binary distribution, but where the class may be drawn from a richer
distribution.

To be specific, let 6 € {6;,6,} and let 2 C R be a (Borel) set of classes. For each class
w e Q, let A\, € [0,1] denote the share of type-6; individuals in class w. Let pg € A(Q)
be the prior over classes, and assume that the induced distribution of A, under w ~ pq is
atomless with full support [Ag, Aa|, where 0 < A\p < Aq < 1.

Proposition 6 (Right-censorship with binary types and continuous classes). Under the
setting of binary types and continuous classes, there exists an optimal information structure
that is a right-censorship policy in A, : there exists a cutoff A* € [Ag, Aa] such that

e for every class w with A\, < A*, the signal (essentially) reveals \,;

e for every class w with N\, > A*, the same pooled signal is sent, inducing a common
posterior share of low types

AP — B\, | s = “high”] = E[\, | A > A%].

Moreover: If Ay < A or Ap > A, then A* = \p is an optimal policy. Otherwise, the
optimal threshold lies in ()\B, A).

Proof. Given a signal s, the seller’s posterior over types depends on s only through the
posterior mean share of low types

A(s) == E[\, | 3.

Hence the continuation game and the regulator’s objective depend on the information struc-
ture only via the induced distribution of posterior means A(s), and the problem is a one-
dimensional “unknown mean” persuasion problem in the sense of Dworczak and Martini
(2019).

By Propositions 1 and 2 and Lemma 3, the interim welfare function W (A) is S-shaped:
affine on [\p, A] with a convex kink at A, and strictly concave on (A, A4]. For such S-shaped
objectives that depend only on the posterior mean of a scalar state, it is well known (see,
e.g., Kolotilin, Mylovanov, and Zapechelnyuk 2022) that there exists an optimal information
structure that is an upper-censorship (right-censoring) policy: there is a cutoff A* such that
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states below A* are (essentially) fully separated, while all states above A* are pooled into a
single posterior mean.

Interpreting states as classes via the scalar state A\, yields the right-censorship form in
A\, stated in the proposition. In the special cases Ay < A or Ag > A, W is affine or concave
on the support, so full pooling (the degenerate right-censoring with A* = Ag) is optimal. [

Right-censorship policies are the natural extension of the optimal information structures
in Section 4 to the case of continuous class membership. When class membership is binary,
we showed that the regulator’s optimal signal pools some class-B consumers (those with
low A) with the high-A class-A consumers. This pooling spares class-B consumers from a
highly distorted contract, but it increases the distortion faced by the pooled class. Due to
the S-shape of W, this trade-off is resolved by committing to reveal the class identity of a
fraction of class-B consumers.

Likewise, with a continuum, the regulator would like to pool classes with lower A together
with those with a higher A: in particular, this incentive is present on the concave portion
of W, at the ‘top’ of the class distribution. On the other hand, since W is convex at the
‘bottom’ there is an incentive to reveal those classes with low values of A.

6.2 Continuous types and continuous classes

Our main analysis has so far assumed a binary type space. This raises the question of
whether our findings are an artefact of this simplification. In general, moving beyond binary
types can substantially complicate the regulator’s information design problem, because the
space of possible type distributions becomes high-dimensional. However, when heterogeneity
across observable classes is one-dimensional, our approach extends directly.

We now consider a continuous type space together with a continuum of classes. Let 6

take values in an interval [0, 6], and let © C [0, 1] be the set of classes. For each class w € Q,
the distribution of types is a mixture of two benchmark distributions F4 and Fj on [, 6):

F,(0) = wF4(0)+ (1 —w)Fg(9), weNCo,1]. (35)

Intuitively, w is an index of how “high-demand” the class is: higher w shifts the type distri-
bution toward F4 and away from Fp.'" Let ug € A(Q2) be the prior over classes.

Given any information structure, a signal s induces a posterior (- | s) over 2. The
induced distribution of types faced by the seller after observing s is then

F(O]s) = / Fo0)pldw | s) = (Elw|s])Fa(0) + (1~ Elw|s])Fa(6).  (36)
Thus, the entire type distribution after s is pinned down by the single scalar
m(s) = Elw | s,

the posterior mean of the class index. As in the binary-type case, this one-dimensional
structure allows us to reduce the regulator’s problem to a moment persuasion problem in
the sense of Dworczak and Martini (2019).

1Tn the example in the Appendix we assume Fj, first-order stochastically dominates Fg, so higher w
corresponds to stochastically higher demand.
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Let W(F},) be the regulator’s interim payoff when the seller faces type distribution F),
and optimally screens consumers. Then there exists a function W : [0,1] — R such that

W(E,) = W(m(u))

for every posterior p. In other words, the continuation game depends on the posterior x only
through its first moment m(u).

Proposition 7 (Right-censorship with continuous types and classes). Under the setting
of continuous types and classes, if W is S-shaped on [0,1], then there exists an optimal

information structure that is a right-censorship policy in w: there is a cutoff w* € € such
that

e for every class w < w*, the signal (essentially) reveals w (full separation);

o for every class w > w*, the same pooled signal is sent, inducing a common posterior

mean
Elw | s = “high”] = Elw | w > w*].

Proof. Given any posterior u € A(€2), we have by construction

0) = [ Fu0) ) = (Bl Fa(0) + (1~ Bu o] Fi(9),

so the type distribution F), depends on p only through the scalar m(u) := E,..,[w]. The
seller’s optimal menu and profit are determined by F),, and hence depend only on m(pu);
likewise the regulator’s interim payoff W (F),) depends on z only via m(u). Defining ﬁ/\(m) =
W(F,) for any p with m(u) = m is therefore well-defined.

Under an information structure, each signal s induces a posterior pu(- | s), and thus a
posterior mean m(s) := m(u(- | s)) = Elw | s]. The regulator’s expected payoff can be
written as

E[/W(m(s)) },

subject to the Bayes plausibility constraint E[m(s)] = E,.,,[w]. This is exactly the one-
dimensional “unknown mean” persuasion problem studied by Dworczak and Martini (2019).

Tf W is S-shaped, Kolotilin, Mylovanov, and Zapechelnyuk (2022) show that there exists
an optimal information structure that is an upper-censorship (right-censoring) policy: there
is a cutoff w* such that states with w < w* are fully separated, while all states with w > w*
are pooled into a single posterior mean. Interpreting states as classes w yields the right-
censorship form described in the proposition. O

Proposition 7 shows that the binary-type assumption is not essential for our informa-
tion design results. What matters is that heterogeneity across class memberships can be
summarized by a single index w that linearly mixes two benchmark type distributions Fg
and F4. In such environments the regulator faces exactly the same one-dimensional persua-
sion problem as in our baseline model, and whenever the resulting interim objective W is
S-shaped, the optimal information structure remains a right-censorship policy: low-w classes
are (essentially) revealed, while high-w classes are pooled.

27



At the same time, characterizing the shape of W as a general function of (Fpg, Fy) is
non-trivial. With continuous types, optimal menus may require ironing and other standard
complications from the screening literature, and we do not attempt to provide general con-
ditions under which W is S-shaped. Instead, in the Appendix B, we analyze a tractable
example in which F4 and Fp are uniform distributions (with F4 first-order stochastically
dominating Fp), and show that in this case W is indeed S-shaped. This confirms that our
qualitative results are not an artefact of the binary-type environment in Section 3.

7 Boundaries
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1.05 : - a=01
: - o =0.15
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Weighted Welfare
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Probability of Low Type (A)

Figure 5: The regulator’s objective function as a function of the interim belief A, given the

cost function ¢(q) = 1_10910 and varying values of o < % Dashed lines are concave closures

for different «.

We have demonstrated that “probabilistic revelation of the higher value type” is a typical
and robust feature of optimal information design. It is not universal, however. When ¢” > 0
and a < %, Proposition 2 does not hold in our two-type, two-class Mussa-Rosen baseline.
There will typically be convex portions of the W(A) curve in such cases. Examples are
depicted in Figure 5. When a = 0, as always, W is globally convex, and full revelation of
the class is optimal for any classes (blue curves in Figure 5). Similarly, full revelation is
optimal if 1 — A4 and Ap are both sufficiently close to 0. For a € (0, %), however, W is
concave near A (= 0.5 in this example) but switches (once) to convex for sufficiently high A
(as in the orange and green curves in Figure 5). Then, if Az < A but sufficiently close to
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it, optimal information design will be to probabilistically reveal the A-class instead of the
B-class whenever Ay is sufficiently high.

Convex portions of W do not always imply a departure from the characterization in
Proposition 2. In the monopoly insurance setting, for instance, convexity appears for low «

“at the other end” (near A) under typical parameterizations. In such cases, the typical case
of probabilistic revelation of the higher value class will still obtain.

8 Conclusion

This paper has examined when a regulator who controls coarse class-level information should
allow firms to condition on it in classic screening environments, and when it is optimal in-
stead to limit disclosure. We focused on a seller that screens consumers through menus of
quality—price contracts, while a planner observes only coarse class membership character-
istics, which are associated with different distributions of underlying types. In contrast to
standard information design benchmarks with direct signals of types, wherein full revelation
maximizes total surplus (so any case for privacy relies on a preference for consumer surplus
over producer surplus), we showed that once information is constrained to class member-
ships, informational frictions alone will frequently make privacy optimal even for a planner
who primarily cares about total surplus.

Our main theoretical contribution is to characterize the structure of optimal information
policies in this class membership setting. Under mild regularity conditions, the planner’s
optimal policy belongs to a simple family of partial pooling schemes: reveal class identity for
a subset of consumers in the class that is relatively rich in high types, and pool the remaining
members of that class with the low-type-intensive class. In a benchmark without screening,
imperfectly informative classes both contract and flatten the surplus frontier, so that the
policies that maximize consumer surplus and total surplus coincide. With screening, the
same geometry that drives Mussa—Rosen-style exclusion generates a welfare function that is
locally convex around exclusion thresholds and concave when both types trade. Given that
the planner can only choose posteriors that lie between the class-level priors, optimal policies
correspond to restricted concavification on this interval, which yields an interior degree of
pooling in many cases. We further showed how the optimal amount of pooling depends on
the distribution of class memberships and on the planner’s weight on consumer surplus, and
that partial revelation can improve both total surplus and consumer surplus relative to full
disclosure, in sharp contrast to the standard price discrimination setting without classes.

We also demonstrated that the same mechanism operates across a range of canonical
asymmetric information environments. In applications to monopolistic and competitive in-
surance, and optimal taxation, local convexity around exclusion-like thresholds and local
concavity above those thresholds and thus imply a similar structure of privacy-protecting
pooling policies. We showed how our analysis extends beyond binary types and categories to
continuous type and class spaces, and how tools from constrained persuasion can be used to
describe optimal policies in these richer settings. Therefore our general framework can help
inform policy on insurance discrimination bans, occupation-based pricing, tax jurisdiction
design, and digital platform data policies.

Several promising avenues for future research emerge from our analysis. First, extend-
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ing the framework to dynamic settings where firms learn about class compositions over time
could yield insights into the evolution of privacy regulations and market segmentation strate-
gies. Second, incorporating strategic consumer responses, such as signaling or obfuscation of
class membership, would enrich our understanding of equilibrium outcomes under different
information regimes. Third, empirical work testing our theoretical predictions about the
welfare effects of class-based information revelation could inform practical regulatory de-
sign, particularly in digital markets where class characteristics are increasingly observable.
Finally, exploring the interaction between our information design approach and other reg-
ulatory instruments, such as direct restrictions on price discrimination or data protection
laws, could provide a more comprehensive framework for understanding optimal regulation
in markets with asymmetric information.
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APPENDIX

A 2x2 Model

A.1 Proof: Proposition 2

Proof. We first prove that W (A) is concave on A € [A, 1].
Throughout, write A8 =6, — 6, > 0, ¢;(A) = ¢ (A), and g, = g for brevity.
We begin by decomposing W(A). Recall that the second-best prices implied by the
binding constraints are
tr = 0, th = Ohgn — A qp.

Moreover, utilities are U; = 0,q; — t; = 0;

Un = Ongn — th = Orgn — (Ongn — Abq) = Ab q;.

Profits are m; = t;, — c(q;) = O01q1 — c(q); 7 = tn — c(qn) = Ongn — AOq; — c(qu).
Finally, the Planner’s per-type payoff is v(q, t,0) = aU + (1 — a)m, which implies

u=a-04+(1-a)(ba—ca)), v =a- (A0q) + (1 — ) (Ongn — Abq — c(qn))-

W(A)=Av+ (1 —A)vy,
=AU+ 1 -a)m]+ (1 —-A)[alU,+ (1 —a)m)
=Ala-0+ (1 —a) (g — cla))] + (1= A) [(A0q) + (1 — ) (Ongn — A0 g — c(qn))]
=a(l-=AN)AOq + (1 — 04){/\(91% —c(q) + (1= A)(Ohgn — AO g — c(qn)) }

First, we derive ¢, q/'. In this regime (A > A), the interior FOC holds, i.e.
1—-A Ad

(@A) =0, — —— A0 =0, — —
Implicit differentiation of (37) gives
JA) JA)
"(aN) (A =— = qgA)=—— > 0.
Differentiating (37) again yields
240

C”(QZ) QIH(A) + (C]z) (QZ(A))Q = As
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Hence

2A6 " (q)

T T )

(q/(A))".

Since ¢” > 0, the last term in the expression for ¢/(A) is negative, so we can derive the
following bound:
2A0
"(A) < ————.
Now, using ¢j = AG/(A?c"(q;)), we can re-write this bound as
2
(N < 2 gi(a). (38)

Now we derive W”(A). To ease exposition, we will split this into consumer surplus (CS)
and producer’s surplus (PS). That is W(A) = aCS(A) + (1 — a)PS(A).
Since types 0, always obtain a surplus of zero, consumer’s surplus is

CS(A) = (1 — A)AGg(A).

Differentiating yields
CS'(A) = —-Abq + (1 —AN)Abgq].

Differentiating again yields
CS"(A) = =2A0 q;(A) + (1 — A)Ab g/ (A). (39)
Now we turn to Producer surplus, which is
PS(A) = A — (@) + (1 = A) (Oran — A0 g — c(qn))-

Producer’s surplus is maximized with respect to ¢, ¢;, so we can use the Envelope Theorem
when differentiating it with respect to A. We obtain

PS'(A) = (0uqr — (@) + A0 @) — (Ongn — c(an))-

where we have isolated the terms in ¢ since these don’t vary with A. Differentiating pro-
ducer’s surplus again yields

PS"(A) = (0, — ¢ (a) + A0) gi(A).
From (37), we obtained 6, — ¢/(¢q;) = 52 A6. Therefore,

1—A Af
Now we combine these results to obtain W”(A). Recall that W = aCS + (1 — «)PS,
therefore

W"(A) = a CS"(A) + (1 — o) PS"(A).
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Substituting in (39) and (40)) yields

W"(A) = a( —2A0q) + (1 — A)Af q;’) +(1—a) (% q;>.

Factoring out the common terms yields

W"(A) = Af gl(A) {“TO‘ 90+ a(1 — A)LW) } .

Now we apply the bound from (38)). Since ‘;—f,/ < —2, we obtain
l

1 -3«
i

W) < AGg(A) {“TO‘ 20 —a(l- A)%} — Adg(A)

Recall that ¢; > 0. Therefore, if @ > 1/3 the right-hand side is < 0, with strict inequality
when a > 1/3 or when the inequality in (38) is strict somewhere (i.e., ¢” > 0).
O

A.2 Proof: Lemma 3

Proof. First, consider PS*% and observe that it is convex in A. As a result, it satisfies
(PS*9) (A-) < (PS*9) (A4)

for all A, including A.

Next, consider C'S*9 = (1 — A) (6, — 6;) g (A). Recall that to the left of A, ¢f (A) =
0 and hence C'S*9(A) = 0. Therefore, (CS*9)" (A_) = 0. On the other hand, direct
calculation shows that the right-derivative is

(©5%9) (R) = (1= &) (0 — 0} (A).

where from (4),
- 0, — 6)
(R = G =)
ql( ) AQCH<A)
which is strictly positive under Assumption 1.
Finally under Assumption 2, a > 0 and therefore

W'(AL) = a(CS*) (A-) + (1 — a) (PS*) (A-)
<a(CS*9) (AL) + (1 — ) (PS*) (Ay) = W' (AL).
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A.3 Proof: Proposition 3 (Optimal Information Design)

Proof. Here we derive the optimal information structure for the model with 2 types and 2
classes, assuming o > 1/3.

The information design problem is to choose a distribution o over A € [Ap, Aa| with
mean A, to maximize E,[W(A)]. Let /W() be the concave envelope of W(-). The value to
the regulator of this optimal information structure is the concave envelope evaluted at the
prior: W(Ay).

If A4 < A, by Proposition 1, W is affine on [Ag, A4]. Therefore W = W and any
Bayes-plausible o attains W (Ay).

If A\g > A, by Proposition 2, W is (weakly) concave on [Ag, \4]. Jensen’s inequality gives
E,[W(A)] < W(E,[A]) = W(Ag), with equality for the degenerate o at Ay (full privacy),
which is the optimal information policy.

We then turn to the third case: A\g < A < A4. Here W is affine on [Ag, A] and concave
on (A, \a].

We first describe the geometry of the concave envelope W. For any y € (A, \4), let
W(y) — W(Ag)
Yy — Ap
be the line through the points (Ag, W (Ag)) and (y, W(y)). Define the set

S = {y € [A,2a] + L(A;y) < W(A) for all A € [Ap,y] }

L(A;y) = W(Ag) + (A —Ap)

Because W is affine on [Ag, A] and concave on [A, A4], the set S is nonempty (it contains A),
closed, and connected. Let A= sup S. Two possibilities arise: .

(a) A = As. Then L(A; My) < W(A) for all A € [Ag, 4], so W = W everywhere on
A, Aa]. ) A A A

(b) A € (A, A\4). By maximality, L(A; A) < W(A) on [Ag, A] and L(A;A) = W(A) at
A= )Agand A = A; moreover, for any € > 0, the line L(~;f\ + ¢) lies strictly above W at
some point in [Ag, A]. Therefore W coincides with the chord L(:;A) on [Ag, A] and with W
on [A, A4l

In words: the envelope is the upper hull that connects (Ag, W(Ag)) to a unique tangency
point (A, W(A)) and then follows W thereafter. Under strict concavity on (A, A4] (which
holds if &« > 1/3 or ¢ > 0), the tangency point A is unique; in the knife-edge weakly concave
case, one may have A = Az (which collapses back to (a)).

We have defined the concave envelope. We now use it to derive the optimal information
regime. -

If Ag > A, then W(Ag) = W(Ay) and the degenerate posterior at Ay (full privacy) is
optimal. -

If Ay < A, then W (Ap) lies on the chord L(-;A). The unique Bayes-plausible two-point
distribution that puts mass on {Az, A} with mean Ag is given by (12). Under PRP(A), the
posterior support is exactly {Ap, A} with those weights (use (11) and Bayes’ rule), so PRP(A)
implements the envelope and is optimal.

Uniqueness of A in the strict-concavity case follows from the fact that a strictly concave
function admits at most one point where the chord from (Ag, W(Ap)) is tangent.

0
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A.4 Proof: Proposition 4

Proof. By standard information design logic, Z is a convex set, and the graph of Z* is
concave; so (CS*, PS*) € Z* if and only if there exists an « for which (CS*, PS*) €
(CS(a), PS(w)), with C'S(a) non-increasing and P.S(«) non-decreasing in «.

Since A* (%) > A4, full revelation is optimal in the neighborhood of o = % Full revelation
is always optimal when a = 0. It follows from the monotonicity of (C'S(«), PS(a)) that
(CS(a), PS(e)) = (CS(5),PS(3)) for all @ € [1,a] for some & > i. Define a as the
maximal such & (which, by Lemma 6, is well defined). Then

Z* ={(CS(a), PS())}

a€la,l].

If A4 < A*(1), then full revelation is also optimal at o = 1, and hence for all a € [0, 1].
Then we can take @ = a and the Pareto frontier is the single point corresponding to full
information revelation.

If, on the other hand, A4 > A*(1), then (CS(1), PS(1)) # (CS(3),PS(3)), and Z*
is not a single point. In this case, define @ as the maximal « for which A*(a) > Ag. By
Lemma 6, @ is well-defined, and @ < 1 iff Ag > A*(1). Then the optimal information policy
is partially revealing—splitting to Ag and A*(a)—for all [a, @) . By Lemma 6, the associated
welfare (C'S(a), PS(«a)) is differentiable in «, and A*(«) is strictly decreasing on this range.
An increase in « therefore results in mean-preserving contraction of the distribution of firm
beliefs and thereby a strict reduction in PS. The mapping o — (C'S(a), PS(«)) is therefore
bijective on [a, @]. O

A.5 Proof: Comparative Statics

A.5.1 Proof of Lemma 4

Proof. 1t is easy to see that the objective function described in (13) is continuous and the
constraint set compact, so that a maximum exists. It is convenient to begin by showing that
this maximum is attained on (A, 1]. Observe that, since ¢; and hence consumer surplus

CSA)=(1=A)-(0,—06)-q (41)
is 0 for A < A, we have
W(A) = (1 =a)PS(A) = (1 = a)(1 = A)(Orgy, — c(a3)),
where PS(A) denotes the monopolist’s profit. But since

PS(A) = max A(6ig — (@) + (1= A)(Ongn — c(an) = (00 = 01)q1) (42)

a<qj,

is the upper envelope of functions linear in A, PS is convex. Moreover C'S is bounded below
by 0 and so for any A > A we have

W(A) = aCS(A) + (1 —a)PS(A)
> W(Ag) + (1 — a)(A — A)(Ongn — c(an)),
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where the inequality follows from C'S > 0, the convexity of PS, and 45 = (Ohgn — c(qn))
for A < A. For A € (A, 1], this inequality is strict, so that on rearranging, we have
W(A) — W(As)
A—Ap

> Ohq, — c(qn) = W (Ap). (43)

This shows that the max is attained on (f\, 1}.

We now prove that (15) is quasiconcave. To do so, it is sufficient to prove that (15) is
single-peaked. Recall from Proposition 3 that W is strictly concave on [/_\, 1}. Towards a
contradiction, suppose that there are two distinct solutions A* < A** in the set of maximizers
(13). Rearranging, both of these solutions must satisfy

W(A¥)
W(A**)

W()\B) + ’LU*(A* — )\B)
W(AB) +w*(A™ — Ap),

where w* is the maximal chord slope defined following Proposition 3. On the other hand,
any other A € [Ag, 1] must satisfy

W(A) < W(Ag) +w (A — Ap)

That is, the points (A*, W(A*) and (A, W(A*)) lie on the line W(Ag) +w*(A — Ag), while
every other point (A, W(A)) for A € [A*, A**] lies weakly below the line - a contradiction to
the strict concavity of W.

Since W is quasiconcave and takes its solution on A € (A, 1] where (15) is easily verified
to be differentiable, the standard first order and complementary slackness conditions are
necessary and sufficient for identifying the maximizer A*. Noting that we have already
proven that the constraint A* > A is slack, routine differentiation of (15) shows that these
conditions are precisely (16)-(18).

Finally, we show that the second-order condition is strictly negative when (16) holds with
equality. After a routine differentiation, the left side of (16) becomes

WA - — me—wm*w“w)

A= \g A= \g

By hypothesis, the second term in this expression is 0 at A = A*. Moreover, the first is
strictly negative, since W is strictly concave on (A, 1} and A* > A. m

A.5.2 Proof of Lemma 5

Proof. We first prove existence of the threshold X;. To do so, we show that if A* satisfies
(16) with equality for some Apg, then the solution continues to do so for all S\B > Ap.
A simple closedness argument (left to the reader) will then establish that A = inf{\p :
A*(Ap) solves (16) with equality}.

Suppose A*(\g) satisfies (16) with equality.

W(A*(\g) — W()‘B)).

W' (A*(\p)) = AOs) — Ag
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By strict quasiconcavity of (15), this implies

W(1) - WAs)

W (1
D)<=

Now, differentiating the right side of this inequality with respect to Ag gives

W(1) — W(As) — (1 —Ag)W'(\p)
(1— Ap)?

(44)

which is positive by (43). Hence, for any Az > A, A*(Az) cannot satisfy (16) as an
inequality, proving the claim. B

Next, we show that A; < A. To see this, observe that by strict concavity of W on [A, 1}
we have

wW'(1) <

By continuity, there exists an € > 0 such that

W) - W(As)
1—-Ap

W'(1) <

for all Az € [A—¢,A], and hence, the unique maximizer A* in (13) satisfies (16) with
equality for all such \p. B B B

To show that A* is decreasing on [)\jB,A}, suppose Nz < A and fix A\p € [)\jB,A}. A*
solves

WA (Ap) — WO‘B)))
A*(Ag) — Ap '
Differentiating this condition partially with respect to Ap, the right side changes by

s . Ap)? (W/QB - W(AA*2 = KZ(AB)O 0

W' (A" (Ag)) =

which follows again from (43). Thus, for any A € (A, A), we have

W (A*(Ap) — W(Ag))
A*(\g) — Ap

W' (A*(Ap)) < )

and hence by quasi-concavity, the solution must satisfy A*(Ag) < A*(Az). To see that A*
is differentiable on Ag > Nz, note that the first-order condition (16) holds with equality on
Ap > N and moreover by Lemma 4, the second-order condition is strictly negative. Hence,
the Implicit Function Theorem applies, so that A*(«a) is differentiable.

Finally, we show that lim,, ,x A* = A. For the sake of a contradiction, suppose not.
Then, since A* is decreasing in Ap it must converge to some limit A > A. Noting that W’
and W are continuous, we may pass limits through (16) (which holds with equality for all
\p sufficiently close to A) to conclude
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W(A) —W(A)
W/(A) = —=L
W ===
By strict concavity of W, the right side of this expression is strictly less than @ :=

W(AK%}C/(A), where we take A = 242 Tet A = @ —w > 0. By continuity, there exists a ¢ > 0

= w.

2

such that for all A\g € [/_X — S,J_X] and A* € [A, A + €], we have
A*) — A
W(A*) = W(As) < wt

A* — \p =" 9

and yet
WA -Wg) . A
Aoy VT

which implies
W(A) = W(Ap) - W(AY) = W(Ap)

> )
A— g A — g
contradicting the optimality of A*.

A.5.3 Proof of Lemma 6
Proof. Note that
W(A) =aCS(A)+ (1 —a)PS(A)

where C'S and PS are defined respectively by (41), (42). We begin by showing that if A*
solves (16) with equality at some a < 1, then it also does so for all & > «. If so, then at «
we have, on rearrangement of (16) at the boundary A*(«)

Since PS is convex (and strictly so, for A > A), the left side of this equation is strictly
positive. Thus, we must have

CS(A*) — CS(\p)

CS'(N) = =

<0,

which implies for & > « that

WA (@) = W(As)

W' (A () < A (0) = hp

By strict quasi-concavity, this implies that A*(&) < A*(«), and therefore that A*(&) solves
(16) with equality at &, which establishes the existence of the requisite threshold o’

To see that o/ < %, it is convenient to begin by showing that o/ = % when Ag = 0. When
o= %, the regulator’s payoff satisfies

W) = £ [(1 = A)Oui — ela)) + ABug () — clgi ()]
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We show that A* = 1 satisfies (16) with equality when Ag = 0. An argument similar to the
comparative static above (but for & < «) then implies that for & < a, A*(&) must satisfy
(16) with strict inequality. Hence, o/ = 3.

To see this, direct evaluation gives

W) -w() _

V= 10 () — clai (1) — (g — ca)]

and, after taking the derivative,

W'(1) = 5 [(6ug7 (M) = e(gf () = (Ongs; — c(a7))]

N | —

so that A* = 1 does satisfy (16) with equality. To extend the result to Ag € [0, A), note from
Lemma 5 that A*(Ag, @) is decreasing in Ag. Hence, A* satisfies (16) with equality at o = 3
for all A € [0, A), from which it follows that o/ < 3.

For the comparative statics, notice that the argument given above already establishes
that A*(«) is decreasing on [/, 1]. The proof of differentiability is essentially identical to
that in the proof of Lemma 5, and hence omitted.

O

B Uniform Example for Continuous Types and Groups

This appendix provides a simple parametric example illustrating Proposition 7 of the S-
shaped interim welfare function. We take two benchmark type distributions F4, Fp on [0, 1]
and consider the one-dimensional family of mixtures

F, = mFA—I—(l—m)FB, mE[O,l],

where m is the posterior mean of the class index as in Section 6.2. For each m, the seller
faces I}, and the regulator’s interim welfare is W (m), so by Proposition 7 the shape of W
fully determines the optimal information structure.

We specialize to the case in which the benchmark distributions are uniform with the
same upper bound:

FA:Z/{[O,l], FBIU[eo,l], with 6y € [0,1)
Thus for any m € [0, 1] the mixture distribution over types has c.d.f.
A (0) = mEa(0) + (1 —m)Fg(0),

and density A/ (0).
Because F4 and Fg share the same upper bound, it can be shown that the regularity
condition always holds, i.e., for every m € [0, 1], the virtual type
1—AL(0)
AL (9)

41



is non-decreasing in # € ©. Hence the seller’s optimal allocation for distribution A,, is given
by the standard Myerson rule:

g (0| m)= maX{O, 0 — %{g}@} (45)

We take quadratic costs ¢(q) = %qQ and equal weight on consumer and producer surplus, so

total interim welfare is
2
—~ . q (0| m
W(m) = By, eq<0|nw-—§—i—§—lll.

The next result shows that, in this uniform example, /W(m) is S-shaped. For simplicity,
consider 6 € (3/4,1).

Proposition 8 (Uniform example: S-shaped welfare). Let Fy = U[0,1] and Fg = U[bp, 1]
with 0y € (0,1), and define W(m) as above. Then:

1. Form € [ %] is affine in m (in fact linear and decreasing).
2. Form € (% %) m) is strictly conve: /W“(m) > 0.
3. Form € (% ] is strictly concave: W”(m) < 0.

In particular, /W(m) 1s S-shaped: affine for small m, then strictly convez, then strictly
concave.

Proof. A direct computation of the mixture c.d.f. and density gives

mo, 0 €10, 00], m, 0 € 1[0,00],

An(0) = — N (0)=41—
o m9+(1—m>—f ZO, 0 < (6o, 1], v 11 ng,
— Yo — Yo

0 € (6o, 1].
Substituting into (45) yields the virtual value

1
1— An(6) 20 — —, 0€0,6,
—_— = m

on(0) = 0 — 28
Am(e) 20 — ]_, 0 € (007 1]a

and hence ¢*(0 | m) = max{0, v,,,(0) }.
A simple threshold argument then shows:
-iftm < 29 , the zero-quantity region covers [0, 6], and trade occurs only for 6 > —; in

this case W( ) reduces to

W(m) = %(1 — ym),

which is linear (and decreasing) in m;

42



-iftm > ﬁ, a positive-quantity region appears on [ﬁ, o], and a straightforward inte-

gration yields

— 1[ 6 1
W(m)z5 {—E0+4—m2—9(2)m+9(2)+90}.

Differentiating twice on the second region gives

m) = L [_2_90 N i} _ L(i ~26,).

2 m3  2m4|  2m4\2m

Thus the sign of W” (m) coincides with the sign of 3% — 26,. It follows that

—_~ 3 —~
W'"m)>0 <= m<—, W"'m)<0 <= m> i
4(90 490

Combining this with the linear region for m < ﬁ yields items (1)—(3) and hence the S-shape
of /W(m) O

C Extensions and Robustness

C.1 Only Third-Degree Price Discrimination

We expand the analysis in Section 5.1 to characterize the implementable region and the
Pareto frontier. Recall that an information structure is a distribution 7 over posteriors
A € [Ap, A4 satisfying Bayes—plausibility E.[A] = Ag. Its outcomes are

(u(r), (7)) = (E-[U(A)], E-[TI(A)]).

Lemma 9 (Two—posterior sufficiency). For any Bayes—plausible information structure T on

[)\Ba)\A] (wzth ET[A] = A()), let
Sp={A: A <A} Sp:={A:A> A}, t:=71(5) €10,1].

Define the conditional means (whenever the corresponding set has positive mass)

AL = ET[A ‘ SL] € P‘BaA]? AR = ET[A ‘ SR] € <A7 )‘A]

With the conventions that if t = 1 (resp. t = 0) then Ap := Ay (resp. Agr := Ag), consider
the two—point distribution
7= téAL + (1 _t)éAR-

Then:
1. 7" is Bayes—plausible: E..[A] = Ay.
2. 7" reproduces outcomes: (u(7’),w(7")) = (u(1),7(T)).

Consequently, the set of feasible outcome pairs {(u(1), (7)) : T Bayes—plausible} is generated
(without loss of generality) by information structures T' supported on at most two posteriors.
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Proof of Lemma 9. Our proof is divided into several steps.
Step 1 (Piecewise affinity). By (21), on S we have U(A) = 0 and II(A) = 0,(1 — A),
both affine in A. On Sg we have U(A) = (6, — 6,)(1 — A) and II(A) = 6, again affine in A.
Step 2 (Two—posterior reduction). Let t := 7(Sp). When ¢t € (0,1), define Ay :=E [A |
Sp) and Ag :=E.[A | Sg|. By piecewise affinity and the law of iterated expectations,

E[UA)] = tE[U(A) [ Sc] + (1 =) E,[U ( ) | Sg]

=tU(AL) + (1 =t)U(Ar) = E~[U(A)],
E,[II(A)] = ¢ E-[TII(A) | Sp] + (1 — ) E-[I1 ( ) | Sg]
= tI(AL) + (1 =) II(Ag) = E~[II(A)].

Moreover, Bayes—plausibility is preserved:
E [A] = tAL+(1—t)Ar = E [A] = A,.

Step 3 (Degenerate and boundary cases). 1f t = 0 (all mass on Sg), set Ag := Ay and
take 7/ = da,; 7' trivially preserves (U,II) and the mean. If ¢ = 1 (all mass on Sy), set
Ap = Ag and take 7/ = 6, . If 7 places mass at the boundary A = A, any fixed tie-breaking
leads to an affine specification on each side; absorb the boundary mass into either Sy or Si
consistently with that tie-breaking and repeat the argument.

Combining the steps yields the claim. O]
In the nontrivial case Ag < A < A4, define

)\A_AO )\A_AO ]\_AO

= tp = = == .
T A=A L W L G W

We use four benchmark outcomes (ex—ante quantities in lowercase (u,7)):

pND _ (0, On(1 — AO))? Ay <
T (B —8)(1 = Ao), 8), Ag= A,

(no information)

(1—a) (G —6) (1= \a), a9h<1—AB)+(1—a)el> ,

(full class-membership revelation)

<tB Hh—Hl A)—f-(l—tB) (Qh—él) (1_>\A)7 49[ >, (Support {A, /\A})
S (=) B =0) (1= N, Bu[sa(1=Ag) + (1= s2) (1= )] )
(support { A\g, A})

Proof. We write interim (posterior) quantities with capitals (U, IT) and ex—ante expectations
with lowercase (u, 7).

(i) PNP (no information). Degenerate posterior at Ag. If Ag < A then p* = 6, so
(u, ) = (0,0,(1 — Ag)). If Ag > A then (by the boundary convention when equality
holds) we evaluate at the right piece: (u,m) = ((6;, — 6;)(1 — Ao), 6;).
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(ii) PPA (full class membership revelation). Support {\g, A4} with weights a, 1 — o, where
Bayes-—plausibility alp + (1 —a) s = Ag yields a = (Mg — Ag)/(Aa — Ap). At A\p < A:
(U, T1) = (0,0,(1 — Ag)). At Aa > A: (U TI) = (6, — 6,)(1 — X4), 0;). Averaging gives
the displayed P54,

(iii) phAa (support {A,A4}). Place weight t on A and 1—tp on A4, where tB/_\j-(l—tB))\A =
Ay sotp = ﬁ Using the boundary convention at A and that A4 > A implies price
0[2
UZtB(lgh—‘gl)(l—A)—f—(l—tB)(@h—@l)(l—)\A), 7T:9l,

which yields P,
(a) Implementation (assume Ao > A). Use a binary signal s € {L, R} with

A— X
Pr[L|B] =1, Pr[L|A]= 1ﬁ0uo'AA—§ e [0,1].

Then R occurs only under A and hence reveals A (posterior A\4); L pools to
posterior A with probability ¢z, implementing P exactly.

(iv) pBA (support {\p,A}). Place weight sy on Ap and 1 — 54 on A, where syAp +

(1= s5a)A = Ag, i, 54 = 332 € [0,1]. At Ap: (U,T1) = (0,6,(1 — Ap)); at A:

(U,I1) = ((0r, — 0,)(1 — A), 6;). Averaging,

u = (1 — SA)(Q}L — 95)(1 — [_\)
™ = sAGh(l - /\B) + (1 —SA) 0[ = Qh[SA((l — )\B) - (1 —A)) + (1 —/7\)} = Qh(l —Ao).

This is the displayed PBA,
(a) Implementation (assume Ao < A). Use s € {L, R} with
A —Ag
PriL|Al =0, Pr[L|B] = ——20 ¢<o,1].
(L] A] (L] B] (A—/\B)uo[]

Then L reveals B (posterior Ag), while R pools to posterior A with probability
1 — s4, implementing PP exactly.

]

Let F := {(u(7),n(7)) : 7 Bayes—plausible on [Ag, A4]} denote the set of all achievable
outcome pairs.

Proposition 9 (Achievable Region). We have

(a) Trivial cases. If A\a < A (resp. \p > M), the seller always posts 0y, (resp. 0;) at every
posterior, hence the achievable set is the singleton

~ pnpy ) 1(0,0,(1 = Ag))}, A <A,
F=PT= {{((Qh —0)(1 = Ao),0)}, g > A
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(b) Nontrivial case \p < A < \4.

(i) If Ag < A F = convhull{ PNP| pBA" pBAL
(ii) If Ao > A F = convhull{ PP pA pBAY,

Proof of Proposition 9. By definition of p*(A), the interim pair (U(A),II(A)) is

A (left region Sp),

(0, B,(1 = A)), A<
A > A (right region Sg),

((9h - 91)(1 - A)> 91),
and on each side of the threshold the map A — (U(A),II(A)) is affine.
)

For any Bayes—plausible 7 with mean Ay, let ¢ := 7(S1) be the weight on the left region,
and let

(U(A).1I(A)) = {

Ap=E[A| Sy € g A),  Ap:=E[A | Sg] € [A, 4]

be the conditional means (defined whenever the corresponding region has positive mass; in
boundary cases we set Ay, or Ag equal to Ag as in Lemma 9). Then the two-point information
structure

7'/ = téAL + (1 - t) 5AR7

where, for any posterior mean \, J, denotes the degenerate distribution (Dirac measure) that
assigns probability one to A (a point mass at \), preserves the mean (tAp + (1 —t)Ar = Ao)
and reproduces outcomes:

(u(r), (7)) = (u(r'), = (7).

Therefore, it suffices to analyze two—posterior experiments. For such a two—point structure
we have explicitly

(u, ) = ((1 ) (O — 0) (1 — Ag), t0,(1—Ap)+(1—1) el), (46)

with the Bayes weight

_ Ar—Ag

t_AR—AL

€ [O, 1], AL € [)\B,A), AR c [A, /\A] (47)

We now characterize F by cases.

(a) Trivial cases.
If \gs < A, all posteriors lie in Sp; the seller always posts 6, hence U(A) = 0 and
IT(A) = 0,(1 — A) pointwise. Taking expectations under any 7 gives

(u(r), 7(7)) = (0, 6 (1 — E[A])) = (0, 64(1 — Ao)) = PP.

Thus F = {PNP}. Similarly, if Ag > A, all posteriors lie in Sg; the seller always posts 6],
hence

(u(r), m(7)) = (6 = O)(1 = Ao),00) =: P,

so again F is a singleton. This proves part (a).
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From now on assume the nontrivial configuration Ag < A < A4, where both sides of the
pricing threshold are reachable.

(b.i) Nontrivial case and Ay < A (prior on the left). Under no information the seller posts
On, so PNP = (0,0,(1 — Ay)).
Step 1: For fired A, feasible outcomes trace a line segment from PNDP when varying Ap .

Fix any Ar € [A,Aa] and let Ay vary in [Ag,Ao]. By (47), t(AL) = ﬁg:ﬁz increases

continuously from #(Ag) = 1 (when Ay = Ay) down to t(Ap) = 221\2 € (0,1) (when
A = Ap). Since (46) is affine in ¢, the image of A € [Ap, Ag] is the straight line segment

with endpoints:

(=1 = )(1 = ), 61— A0))

N

TV
— PND

R(Ag) = ((1=0) (6 = 0) (1= Ap), 10,(1=Ap)+(1-1)8)),

where t := 2;:%;}; Thus, for each fized Ag, the feasible points form the segment [ PP, R(Ag)].
Taking the union over all Ar gives

F= J [P, R(Ap)]. (48)

ARE[]\,)\A]

Step 2: The “upper edge” {R(Ag)} is ezactly the line segment [ PBN, PBA]. )
Evaluate R(Ag) at the two extremes, using the boundary convention at A = A:

R(A) = ((1 —s4) (0, —6) (L= A), s40,(1—Xp)+ (1 —54) 91> = pBA,

R(\4) = ((1 —a) (0h—0) (1= Ma), abu(l—Ag)+(1—a) el> — pBA

We now show that as Ag varies, R(Ag) sweeps only this segment.
Consider the two simple two—posterior information structures:

P8 {\p, A} with left mass s, B4 [\, A4} with left mass a.

For any 7 € [0, 1], consider their mixture o, := n 7544 (1—n) 754, Tts support is {\p, A, Aa},
and its right mass equals (1 — sa) + (1 — n)(1 — «). The conditional mean on the right
region 1s -
- Nl —sa)A+ (1 —n)(1 —a)Ia
Ay~ M0 s0R (L)1)
Nl —sa)+ (1 =01 -a)

which varies continuously and monotonically from A (when 1 = 1) to A4 (when n = 0).
By the two—posterior lemma (collapse conditional laws to their means), o, can be replaced

by the two-point experiment {\g, Ag(n)} with left mass t(Ar(n)) = %, which delivers

exactly R(Agr(n)) by (46). On the other hand, outcomes are linear in the information
structure, so the outcome of o, is

€ [A 4],

nPB/_\ + (1 —n) PPA.
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Therefore, R(Ag(n)) € [ PBA, PBA] for every n; as i) runs from 1 to 0, Az(n) runs over the
whole interval [A, \4], hence

{R(AR) : Ag € [A, A4]} = [ PPA, PBA]. (49)

Step 3: Conclusion for Ag < A. Combining (48) and (49), and using the cone identity
Uye[a’b] [z, y] = convhull{z, a, b}, we obtain

F = convhull{ PNP | pBA pBAY

(b.ii) Nontrivial case and Ao > A (prior on the right). Under no information the seller posts
91, SO PND = ((9h — 91)(1 — AO),HI).

Step 1: For fized Ay, feasible outcomes trace a ray from PNP when varyz'ng Ag.

Fix any Az € [Ag, A) and let Ag vary in [Ag, Aa]. By (47), t(Ag) = A AO increases from
0 (at Agp = Ag) to ta(Ap) == ;\j Az (at Agp = A4). Because (46) is affine in ¢, the image is

the segment with endpoints

((eh —0)(1— Ay), el) and

4

:;;ND
Q(AL) = (1= ta(AL)) (B — 0)(1 = Aa), Ea(Ar) On(1 = Ar) + (1= Ea(Ar)) ).
Taking the union over all Ap we get

F= J [P™ QY] u [P, PM] (50)
ApelAp,A)

where the additional segment [PND. P[‘A] corresponds to the ezact boundary experiment
with support {A, A4} (both posteriors in Sg), weight tp = ’\A—__j}{’ on A, and outcome P,

Aa
Step 2: The “upper edge” is the segment [ PBA, PAM ],
At A; = Ap we obtain

Qs) = ((1=a)(Bh = B)(1 = Xa), abu(1—Ap) +(1-a)6;) = P,

The other endpoint PAM ig attained without limits by the two—point support {A, A4} with the
stated Bayes weight ¢p; by our boundary convention, (U, II) at A equals ((6, —6;)(1—A),6;).
Therefore all upper endpoints in (50) lie on the straight segment [ PB4, PA4].

Step 3: Conclusion for Ay > A.
Combining (50) with Step 2 and using again the cone identity,

F = convhull{ PND. PZ\A, pBA }
This completes the proof. n

Proposition 10 (Pareto frontier and slopes). Assume the non-trivial case A\g < A< M4
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Figure 6: Feasible Region in Third-degree Price Discrimination under the Non-trivial Case
A < A< A

(i) If Ao < A, the Pareto frontier is the line segment PBAPBA,
(ii) If Ao > A, the Pareto frontier is the line segment PND PBA,
In both cases, with (u,m)-space (horizontal u, vertical 7), the slope of the frontier is

dm A—)\B
du _A(1—AB)<O’

with |45 < 1.

Proof of Proposition 10. By Proposition 9, in the nontrivial case the achievable region
is a triangle (including its interior). Hence, the Pareto frontier is a line segment. It therefore
suffices to identify the information structures that maximize the seller’s expected utility and
the consumers’ expected surplus. Obviously, full information maximizes the seller’s expected
utility, so one endpoint of this line segment is P54,

We now identify the other endpoint. The interim consumer-surplus function U(A), de-
fined in Equation (21), is constant on [Ag, A), exhibits a jump at A = A, and is linearly
decreasing on (A,,X\4]. By an argument analogous to Proposition 5, when Ay < A, the
consumer-surplus-maximizing information structure has support {\p,A} and induces the
outcome PP%; when Ay > A, no information is optimal, which induces PY?. This completes
the proof.

We now compute the slopes in the two cases.

(i) Case Ay < A: slope of PBAPBA,

Recall
_Aa— Ny
EPYEDVS

a

49



and the ex-ante coordinates (using 6; = 0,(1 — A), 0, — 0, = 0,7)

PEA — (P, 784) — (1= @) 6A (1= Aa), Ou[a(l = Ap) + (1 - a)(1 = A)]),

PB[\‘ — (uB[\‘,ﬂ'B/_\‘) = <(1 — SA) 9}1]\ (1 - /_X), eh [SA(l - )‘B) + (1 - SA)(l - A)])

aBA _xBA =9, (a—s4)(A— Ap),

uPA BN = eh[\(u ) (1= Aa) = (1—A)(1— SA)>.
A direct algebraic simplification gives

(Ao — Ag) (A — A) (Ao —Ag) (1= Ap) (Aa—A)

(1—a)(1=Aa)—(1=A)(1—s4) = —

A—Sp —

(A —Ap) (A= Ap)’

Taking the ratio (the common factors cancel) yields

(A — An) (A= Ap)

7TBA _ 7TBA A — )\B

uBA —uBY T A(1—\p)
(ii) Case Ao > A: slope of PNP PBA, ) )
Now PNP = ((6), — 6,)(1 — Ao), 6) = (6,A(1 — Ag), 64(1 — A)), while PP4 is as above.
Using Bayes—plausibility 1 — Ag = a(1 — Ag) + (1 — a)(1 — M),
aBA _ NP — Hh(a(l —Ag)+ (1 —a)(1—A)—(1- A)) =0 (A — Ap),
uPA NP = eh]\(u —a)(1=Ma) = [a(l=Ap) + (1—a)(1— /\A)D — —fpha(l— Ap).

Therefore

oBA _ o ND B A—Ap
ubBA — yND A(1—Ap)
Summary. In either case, -
dm A— /\B
=78 <
du A (1 - >\B) o
since B B B
A1=Xg) — (A=Xp)=(1—-A)Xxg > 0.
As (1 = A) € (0,1), equality holds if and only if Az = 0. This completes the proof. ]

C.2 Insurance

C.2.1 Proof of Proposition 7

We now prove Proposition 7. We show that, in an monopoply insurance market, when
a = 1/2, the objective function (social surplus) is linear for low values of A and concave for
high values of A.
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Without loss of generality, we can normalize ; = 1. Then, differentiating 28 twice gives:
2W™M(A) =2 (g =) g+ A((r =D ) (@) + A (g = 1) g (51)
Differentiating 27 twice gives:

’ qQ (1 - ehq?lil) 1" q -1
q = R and ¢ = —l) [2 — v —0nq, ] (52)

Plugging these into 51 and re-arranging yields:

(M) (Orgu(A) " = 1)°

W) = (1 —7)%A

(27 = D)q@(A) =7, ] (53)

which is negative whenever 2y — 1 < 0, i.e., whenever v < 0.5
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