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Within the expected utility framework, utility function and stochastic dominance have long been applied
separately in evaluating risky prospects. The former yields a complete ranking but is sensitive to functional
specification, while the latter is robust yet often too partial to guide decisions. These limitations stem
from their rigidity in adapting to varying granularity of preference information. To enhance flexibility, we
propose an integrated approach that combines the respective advantages of both methods. It employs a most
plausible utility as a benchmark and allows utility specifications to deviate within interpretable and elicitable
bounds. These bounds characterize the extent of incompleteness in preferences and support a closed-form
expression for the consensus across admissible utilities in comparing distributions. The resulting ranking
criterion, termed benchmark-based stochastic dominance, centers dominance relations within a controllable
neighborhood around the benchmark utility, providing a practical semi-parametric tool that yields more

comprehensive insights than either a single utility function or standard stochastic dominance alone.
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1. Introduction
Expected utility, as a framework for evaluating risky prospects, has been central to decision analysis
since the seminal work of von Neumann and Morgenstern (1944). Their theory showed that if four
logical axioms—continuity, transitivity, completeness, and independence—hold, preferences over
monetary outcomes can be represented by an expected utility measure, which assigns a utility value
to each outcome and computes overall utility as the probability-weighted sum of these values. While
expected utility offers a practical way to represent preferences, its real-world application faces
challenges. It assumes that all prospects are fully comparable, overlooking perceptual and cognitive
limitations that may hinder comparisons, and depends on accurate and sufficient information to
construct a valid utility function. These challenges are particularly acute when reliable estimation
is impeded by insufficient data or when agreement on a common utility function is hard to reach
in complex settings such as collective decision-making (Baucells and Shapley 2008). Consequently,
the sensitivity of evaluation results to utility function specification has been a persistent concern
in the literature (Armbruster and Delage 2015).

Within the expected utility framework, integer-degree stochastic dominance provides an alterna-

tive to single utility function in modeling preferences. It captures consensus among utility functions



that share certain qualitative characteristics, such as non-satiation and risk aversion. Despite its
robustness and minimal information requirements, using a broad set of utility functions that com-
pletely ignore quantitative aspects often fails to yield clear preference relations over prospects of
interest (Meyer 1977a).

Criticisms of both single utility function and integer-degree stochastic dominance arise from
a common source: the rigidity in adapting to varying granularity of preference information. The
former method identifies the most plausible representation of decision-makers’ preferences but
overlooks fluctuations and indecisiveness, while the latter captures broad consensus but disregards
any available preference information that could inform decision-makers’ typical behavior. The prior
literature has separately addressed their limitations, for instance by incorporating utility deviations
into optimization processes (Armbruster and Delage 2015, Hu et al. 2018) and imposing restrictions
on utility functions in defining stochastic dominance (Meyer 1977b, Leshno and Levy 2002), yet
no attempts have been made to integrate the two methods to enhance adaptability.

In this paper, we introduce an integrative method for modeling preferences within the expected
utility framework to enhance flexibility and adaptability. The core idea is to retain the most
plausible utility function as a benchmark for representing preferences. However, rather than relying
solely on this utility, we account for fluctuations in preferences arising from perceptual imperfections
and cognitive challenges. Specifically, we expand the set of permissible utility functions to include
candidates that deviate from the benchmark to a controllable extent. By regulating the extent of
deviation, decision-makers can tailor the utility set and thus the degree of indecisiveness to match
the granularity of preference information. The consensus of this utility set, termed benchmark-based
stochastic dominance, reconciles the two rigid extremes (i.e., single utility function and integer-
degree stochastic dominance) and offers users the flexibility to balance decisiveness and robustness.

The success of the proposed method depends on constructing a proper bound that sets the limits
of acceptable deviations from the benchmark while satisfying:

(i) Connectivity. The bound enables a continuous transition from the benchmark utility function
to the utility set underlying stochastic dominance, facilitating the connection of both methods.

(ii) Interpretability. The bound has a clear and meaningful interpretation, allowing users to under-
stand the deviation in terms of well-defined economic behavior.

(iii) Elicitability. The bound is estimable in practice, so its numerical value can be elicited through
simple lottery choices.

(iv) Tractability. The consensus of the utility set can be expressed analytically in terms of distri-
bution functions.

A seemingly straightforward way to bound utility deviations is to constrain the pointwise differences

between the well-known Arrow-Pratt risk aversion indices (Pratt 1964). This idea was explored



by Meyer (1977b), who modified second-degree stochastic dominance by using an interval of the
Arrow-Pratt risk aversion index to define the underlying set of utility functions. While this way
satisfies criteria (i) to (iii), it falls short with respect to (iv), since the consensus ranking must rely
on numerical computation (Meyer 1977a). To date, no research has provided a bound on utility
deviations that satisfies all four criteria.

Building on Miiller et al. (2017)’s method of assessing risk attitudes via the ratio of marginal
utilities between two wealth levels, we propose to bound utility deviations within the utility set
underlying first-degree stochastic dominance by limiting the variation of this ratio. When the
variation vanishes, the deviating utility function coincides with the benchmark. As the variation
increases without bound, the utility set expands continuously to encompass all monotone increasing
functions, ensuring a smooth transition to first-degree stochastic dominance and thereby satisfying
(i). By ascertaining the role of marginal utility ratio in influencing choice behavior, we show that
our bound exactly constrains the difference between the probability premia in simple lottery choices
implied by two utility functions, thus meeting criterion (ii). Since the probability premium can be
elicited using the widely applied multiple price list approach (Andersen et al. 2006), the bound
is naturally elicitable, thus satisfying (iii). Finally, criterion (iv) is also met, as the bound is
structurally parallel to that of Miiller et al. (2017), ensuring comparable analytical tractability. The
corresponding consensus ranking, defined as benchmark-based first-degree stochastic dominance,
is both economically meaningful and computationally explicit, offering a tractable interpolation
between the benchmark utility function and first-degree stochastic dominance.

Extending the above approach to utility sets underlying higher-degree stochastic dominance is
challenging, as imposing first-degree-like conditions on all successive derivatives overly constrains
the utility function due to the interdependence between higher- and lower-order derivatives. To
address this, we apply the first-degree-like condition only to the highest-degree marginal utility
to bound its deviation, and supplement this with an array of endpoint conditions to bound the
deviations in all lower-degree marginal utilities. Conceptually, this resembles the use of a higher-
order differential equation to characterize a deviating utility function, specifying the behavior of
the highest-order derivative at interior points while employing boundary conditions on lower-order
derivatives to uniquely determine the function. In this way, the constraints on derivatives of different
orders are mutually independent, ensuring analytical tractability comparable to that of the first-
degree case. These conditions, whether interior or boundary, carry clear economic meaning, as
they all can be interpreted as placing direct bounds on differences in probability premia in simple
lottery choices. The premia can be readily elicited using the price list method, with the procedure
no more difficult than that for the first-degree case. Overall, our approach to bounding deviations

through a combination of interior and boundary constraints satisfies all four criteria, resulting in a



tractable benchmark-based higher-degree stochastic dominance rule that interpolates between the
benchmark utility and higher-degree stochastic dominance.

Dubra et al. (2004) show that removing the completeness axiom in expected utility leads to
preferences representable as the consensus of a set of utility functions. Our study offers a concrete
formulation of incomplete preferences through an explicitly constructed utility set, where the extent
of incompleteness is governed by bounds on deviations from the benchmark. By allowing users to
determine the benchmark at their discretion and calibrate deviation bounds based on personalized
information, benchmark-based stochastic dominance centers dominance relations within a control-
lable neighborhood around a selectable utility function, yielding more comprehensive insights than
either a single utility function or standard stochastic dominance alone. This practical advantage is
illustrated through an application that ranks stocks and bonds for different investment horizons.

More broadly, our approach unifies utility-function-based and stochastic-dominance-based meth-
ods in decision analysis. Although both methods are widely used in applied decision-making (Levy
2016), they have traditionally been treated as separate strands, often distinguished as paramet-
ric and nonparametric. The key difference is that the former relies on a parameterized utility
function for analysis, while the latter uses only qualitative constraints to characterize preferences.
Benchmark-based stochastic dominance offers a third, semi-parametric approach. It takes a para-
metric utility function as a benchmark but characterizes deviations nonparametrically, imposing
no assumptions on the functional form of the deviating utility functions. While previous studies
have explored various types of utility perturbations (Hu et al. 2018, Luo et al. 2025), our method
uniquely connects the benchmark utility function to integer-degree stochastic dominance, thereby
offering the potential to bridge parametric and nonparametric methods in various applications.

Last but not least, benchmark-based stochastic dominance integrates several existing but frag-
mented notions of stochastic dominance, particularly almost stochastic dominance and fractional-
degree stochastic dominance. The first-, second-, and higher-degree almost stochastic dominance
rules, introduced by Leshno and Levy (2002), Tzeng et al. (2013) and Tsetlin et al. (2015) respec-
tively, correspond to benchmark-based stochastic dominance with linear, quadratic and higher-
degree polynomial utility functions as the benchmark, while excluding extreme deviations. Some
further generalizations of almost stochastic dominance explored by Tsetlin et al. (2015) fall outside
our framework due to different utility constraints. As for fractional degree stochastic dominance,
the three rules proposed by Miiller et al. (2017), Bi and Zhu (2019) and Huang et al. (2020) are all
special cases of benchmark-based stochastic dominance. The former two rules, respectively using
linear and polynomial utility functions as the benchmark, accommodate some degree of risk-seeking
deviations, while the third uses a risk-seeking utility function as the benchmark and allows only
risk-averse deviations. This unified perspective clarifies the relationships between existing stochas-

tic dominance rules and may guide future developments of stochastic dominance theory.



2. Bounding Deviations via First Derivative
Throughout the paper, the wealth domain is a fixed bounded interval [a,b] C R. Random variables,
denoted by z, ¥, etc., are supported on this domain, while z, y, etc., represent their corresponding
realizations. von Neumann-Morgenstern utility functions are denoted by w and v, assumed to be
continuous, strictly increasing, and differentiable to the desired degree. Derivatives at the endpoints
of [a,b] are understood as the corresponding right- and left-sided derivatives, respectively. The
benchmark utility function is always denoted by v. As usual, E(-) is the expectation operator.

In this section, we establish a meaningful bound for deviations from the benchmark utility that
extend to the utility set underlying first-degree stochastic dominance (FSD). FSD characterizes the
consensus of all increasing utility functions in comparing random variables (Levy 1992). Formally,

Z dominates § by FSD, written as & FSD g, if Eu(z) > Eu(y) for all u € U;, where

={u: u'(x)>0 for all z € [a,b]}.

2.1. Definition

Given a benchmark utility v € Uy, for any u € Uy, k(z) = u/(z)/v'(z) captures how the marginal
utility under u differs from that under v. It is a standard result that u represents the same prefer-
ence as v if and only if u is a positive affine transformation of v (Pratt 1964), a property equivalently
reflected by k(z) being constant on [a,b]. Thus, deviations of x(x) from constancy capture depar-
tures from the benchmark preference. To control such deviations, we impose uniform multiplicative
bounds on the relative variation of x(x) across wealth levels

i< () <\, for all z,y € [a,b] with x <y,

AT R(y)

where A, \; > 1 are constants. When A\; = Ay =1, k(z) is constant and v and v describe the same
preference. As A\; or \; exceeds 1, u is permitted to deviate from v in ways that go beyond affine
transformations, with the allowable range expanding to U; as A\; — oo and Ay — co. Substituting
k(x) =u'(z)/v'(z) gives the following characterization of controllable deviations within Uy;.

DEFINITION 1. Let v € U; be a benchmark utility function and A;, A, > 1 be finite constants. We

say that u € U; has its deviation bounded within [1/A;, As], denoted by u € U7 (A1, A2), if it satisfies
1 v(x)  o(x) V() .
— < <A for all x,y € |a,b] with z <y. 1
Mv(y) T u(y) T () (a:b) M

In expected utility theory, the Arrow-Pratt index of absolute risk aversion (Pratt 1964) is a

widely recognized measure of risk attitudes, as it intuitively links the curvature of a utility function
to an individual’s willingness to accept risky outcomes. To enhance the understanding of condition
(1), it is helpful to relate it to this index. Let A,(x) = —u"(x)/u/(z) and A,(z) = —v"(x)/v'(x)

represent the Arrow-Pratt risk aversion indices for v and v, respectively.



PROPOSITION 1. Let v € Uy be a benchmark utility function and A1, A\a > 1 be finite constants.

Under twice differentiability, uw € Uy satisfies condition (1) if and only if
Yy
—log\; < / [A,(t) — A, (t)]dt <log \s for all z,y such that a <x <y <b.

Previous efforts based on bounding pointwise differences between the Arrow-Pratt indices,
A.(z) — A,(z), in constructing stochastic dominance failed to yield an analytical expression for
the corresponding ranking rule (Meyer 1977a,b). Instead, Definition 1 imposes uniform bounds
on cumulative differences between these indices, [Y[A,(t) — A,(t)]dt, across all subintervals. The
bounds reduce to pointwise comparison only when A; =1 or Ay = 1. When A\; = 1, the left inequality
holds if and only if A,(x) > A,(x) for all z, implying that u is more risk averse than v everywhere.
When A\, =1, the right inequality requires that u be less risk averse than v everywhere.

EXAMPLE 1. Let [a,b] C (0,00) and consider the power utility v(z) =z'~7 /(1 —7,) (with v(z) =
logz when ~, = 1), whose Arrow-Pratt index is A,(z) =, /x. For u(z) = '~ /(1 —v,) (with
u(z) =logx when v, =1), we have A,(x) =+,/x. Then, uc Uy (A, \s) if and only if

log A\, log Az

log(b/a) = 7~ " = log(b/a)’
This example shows that condition (1) is global, depending on the interval [a,b] where deviations
are evaluated. It also requires finite marginal utilities on [a, b], so the lower bound a (interpretable

as a subsistence wealth level) must be strictly positive to include power utilities.

2.2. Interpretation and Elicitation

Definition 1 is not only analytically amenable, but also economically meaningful, as it directly

delineates a comparison of the choice behavior under two utility functions over simple lotteries.
In the expected utility framework, risk preferences are shaped by how marginal utility varies

with wealth. One can infer the direction of risk attitudes (risk aversion or risk seeking) from choices

between the following 50-50 binary lotteries

Y y—k

N[

1
2

Z1: versus 2o

N

z—k 2 z,

where y > x are two wealth levels and k£ > 0 denotes a wealth reduction such that z,y,z —k,y —k €
[a,b]. Choosing Z, over Z; indicates that a wealth reduction at the lower level causes a greater utility
loss than the same reduction at the higher level, revealing risk aversion. Conversely, choosing Z;

suggests greater utility loss at the higher wealth level, implying risk seeking.



Beyond direction, the intensity of risk preferences can be measured by probability premium, a
concept introduced by Pratt (1964) that has since become widely adopted (Abdellaoui et al. 2011,
Liu and Neilson 2019). It refers to the probability shift toward the higher wealth level required
to compensate for the greater utility loss from subtracting k at x rather than at y, revealing a
decision-maker’s evaluation of the relative appeal of bearing a loss at a higher wealth level rather

than at a lower level. Formally, it is the value of ¢ € [—1,1] that achieves indifference between

J(1+q) » ¥k

%(1*9) x.

A simple calculation shows that the probability premium associated with a utility function wu,

denoted by ¢, (z,y; k), is given by
2

Qu(w,y; k) = [Z=eG=R] g
w(x)—u(x—k

where a larger ¢, (z,y; k) implies a faster decline in marginal utility with wealth, indicating greater

_1’

risk aversion. As ¢ increases from —1 to 1, the probability that Z; yields a higher (lower) pay-
off than Z, increases (decreases), thus causing the expected utility difference between Z; and Z,
to rise monotonically from negative to positive. Therefore, ¢,(x,y;k) is identified as the unique
switch point in a list of successive choices (Holt and Laury 2002). It is determined by [u(y) —
u(y — k)]/[u(x) — u(x — k)], which depends on the ratio of marginal utilities. Thus, ensuring sim-
ilar marginal utility ratios between two utility functions as in (1) is equivalent to requiring their

corresponding probability premia to be similar as well.
PROPOSITION 2. Let v € Uy be a benchmark utility function and A, Ay > 1 be finite constants.

Under continuously differentiability, uw € U, satisfies condition (1) if and only if

f(qv(x,y;k‘), 1/)‘1) S Qu(w7y§ k) S §(qv(xay5 k)a /\2)

foralla<z<y<band 0 <k <min{x —a,y —x}, where

£(qum)

measures the maximum allowable deviation in probability premium and satisfies: (i) {(—1,m) = —1

and £(1,m) =1 for all n > 0; (i) &(qv,1) = q, for all q, € [-1,1]; and (iii) {(qu,n) is strictly
increasing in n for all q, € (—1,1).
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Figure 1  The graph of £(q,,n) as a function of ¢, with various values of 7.

A graphical illustration of £(g,,7n) is provided in Figure 1. In the extreme cases where ¢, = —1 or
g, =1, £(qv,m) = g, for all values of 7. This reflects the limited room for deviation in the probability
premium when the benchmark utility function exhibits extreme risk attitudes. For ¢, € (—1,1),
&(qv,n) equals g, when =1, but deviates from ¢, upwards as 7 increases and downwards as 7
decreases. As 71 goes to infinity or 0, £(q,,n) approaches 1 or —1, permitting the decision-maker’s
risk attitude to vary arbitrarily.

The choice-based interpretation links the preference setup to observable behavior, enabling prac-
tical elicitation of preferences from choice data. The benchmark v can be constructed using standard
methods, such as via certainty-equivalent (Becker et al. 1964), probability-equivalent (Wakker and
Deneffe 1996) or maximum-likelihood estimation (Harrison 2008). Assuming v is given, we focus
on eliciting A; and A\, based on Proposition 2. Present the decision-maker with k=1, ..., K distinct
pairs of lotteries in the form of (Z, 2,) as above. For each pair, elicit the probability premium g
either by directly asking for the indifference probability a la Becker et al. (1964), or by identifying
the switching point using a price list procedure similar to Deck et al. (2024). Let g, denote the
corresponding probability premium implied by the benchmark utility v. Define

Al =max {1, max (1+a0)/(1 = Gi) } and A\; = max{l, max (1 —H{k)/(l — ({k) } .
k=LK (14 q) /(1= qr) k=LK (14 @) /(1= i)
Then, setting Ay = A} and A\ = A} ensures that condition (1) holds across all K lottery pairs and

binds for some of them. Assuming robustness across similar lotteries, these values characterize the
maximal extent to which the decision-maker may deviate from the benchmark utility. To mitigate
the influence of outliers that produce excessively large deviation bounds, one may follow Levy et al.
(2010) by choosing A\; and Ay such that condition (1) is satisfied for a specified proportion (e.g.,
95%) of the observed choices.



3. Benchmark-Based First-Degree Stochastic Dominance
Benchmark-based first-degree stochastic dominance captures the consensus ranking of risky
prospects among utility functions within U} (A1, \2).

DEFINITION 2. Given a benchmark utility function v € U; and two finite constants Ay, Ay > 1,
Z dominates § by benchmark-based first-degree stochastic dominance parameterized by (v, A1, \2),

denoted by Z (v, A1, A2)-BFSD g, if Eu(z) > Eu(y) for all uw € Uy (A1, As).

3.1. Integral Condition
The BFSD can be characterized by an explicit integral condition in terms of the cumulative dis-

tribution functions (cdfs) being compared. Let z; = max{z,0} for any real number z.

THEOREM 1. Given a benchmark utility function v € Uy and two finite constants A, Ao > 1, T
(v, A1, A2)-BFSD 3 if and only if

min {1, ii} [ o (2)[F (&) — G(x)], dz + min {1, i;} fv’(x)[p(x) —G(2)). de

<t [ V@@ - F@ldet - [V@I6@ - F@lde foraittelot, @)

where F and G are the cdfs of T and g, respectively.

To build intuition for condition (2), let 1o(x) be an indicator function that equals 1 if x € Q and

0 otherwise, and

. A . A
waa(oit) = min {1, 32 } 14 () + min {1, 3 } 1 (0) ®)
1 2

be a weight function depending on both z and ¢. Using the identities 1/A; = min{1, \y/A\;} -
max{1/A;,1/A2} and 1/As =min{1, A; /A2} - max{1/\;,1/\2}, condition (2) can be rewritten as

/ (@) [F (@) — Ga)] s tny ;) < max{;l, jQ} / V@G @)~ F@)]swnn (@ )dz (4)

for all ¢ € [a,b]. Recall that the integral condition for z FSD g is F(x) < G(z) for all x € [a,b] (Levy
1992). The integral on the left-hand side of (4) represents the “weighted violation area” between F'
and G where FSD is violated, and on the right-hand side represents the “weighted compliance area”
where FSD holds. Hence, condition (4) states exactly that the weighted violation area is no greater
than the fraction max{1/\;,1/As} of the weighted compliance area. It reduces to Ev(z) > Euv(g)
when A = Ay =1, and approaches the condition for £ FSD ¢ as A\; and A, tend to infinity.

One can focus on three intuitive cases to obtain a mathematically simpler dominance rule. First,
setting A\; = Ay = X\ imposes symmetric deviations in Arrow-Pratt risk aversion relative to the

benchmark. In this case, (v, A\, \)-BFSD ¢ if and only if

b

/ (@) () — G(a))de < : | V@G - F@)].do.

a
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Second, allowing only upward deviations by setting A; = 1 means risk aversion can exceed but not

fall below the benchmark. Then, Z (v,1,A;)-BFSD 7 if and only if
t b
/ ' (@)[F(z) - G(x)]dx < % / V' (@)[G(z) — F(x)|dz for all ¢ € [a,].
a 2 Jt

Third, restricting risk aversion to remain below the benchmark by setting A, =1 gives & (v, A, 1)-
BFSD g if and only if

1 t b
)\—/ V'(2)[F(z) — G(z)]dx < / V' (2)[G(z) — F(x)]dz for all t € [a,b].

1Ja t
3.2. Unifying Existing Rules
The BFSD brings together four existing notions of stochastic dominance in a single framework.
Table 1 summarizes these rules. The first is the combined stochastic order proposed by Miiller
et al. (2017), referred to as (14 4.y, 1 4+ 7er )-stochastic dominance. It ranks prospects according to

utility functions satisfying

1
S u'(y) for all z,y € [a,b] with z <y,

where ve,,Ver € (0,1] bound the extent to which marginal utility may increase or decrease with

Yoot (y) <0 () <

wealth. This condition is a special case of (1) with v(z) =z, A\; =1/7., and Ay = 1/7.,. Moreover,
u € UY(A1, \o) if and only if uwov™! satisfies the above inequality with 7., = 1/A; and 7., = 1/Xs.
Consequently, & (v, A1, A2)-BFSD ¢ holds if and only if the transformed prospects v(Z) and v(g)
exhibit (1+1/A;,1+1/\y)-stochastic dominance.

The second notion, introduced by Meyer (1977b), is second-degree stochastic dominance with
respect to a utility function. It represents the consensus ranking of utility functions with Arrow-

Pratt risk aversion bounded from below, i.e.,

_u”(x) _k”(:c) orall z €la
) > e vl € [a, ],

where k(z) € U is a given utility function. By Proposition 1, this condition is equivalent to (1)
with v(z) = k(x), Ay =1 and Ay — 0o. Meyer also introduced a convex counterpart, which ranks
prospects according to utility functions with lower Arrow-Pratt risk aversion than k, i.e.,

W) _ K(a)
w(z) = K(z)
This is equivalent to (1) with v(z) =k(z), Ay — o0 and Ay = 1.

for all z € [a,b].

The third notion, almost stochastic dominance, broadens the set of rankable prospects by exclud-
ing pathological utility functions exhibiting extreme risk attitudes. The almost first-degree stochas-
tic dominance proposed by Leshno and Levy (2002) requires

1
sup {u/(z)} < inf {u/(2)} (f - 1)
z€la,b] g

z€[a,b]
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Table 1 Existing rules as special cases of benchmark-based first-degree stochastic dominance

v AL, Ao rule reference

A. Combined stochastic dominance

v(z) == A = %, P ,Yi (1 + ey 1 +7ex)-SD Miiller et al. (2017)
B. Stochastic dominance with respect to a function
general Ai=1, A — 0 SSD with respect to v Meyer (1977b)
general Al =00, Aa=1  convex SSD with respect to v Meyer (1977b)
C. Almost stochastic dominance
v(x) == M=X=1-1 almost FSD Leshno and Levy (2002)
general Al=X = i -1 weighted almost FSD Tan (2015)
v(z)==z M=1A=1-1 generalized almost SSD Tsetlin et al. (2015)

v(r) == AM=21-1 X\ =1 generalized almost convex SSD  Tsetlin et al. (2015)

D. Fractional degree stochastic dominance

v(z) =2 A=, 00 (1+7)-SD Miiller et al. (2017)
v(z)=el/embr N =1, Ay = 00 (1+¢)-SD Huang et al. (2020)
v(z) =z A =1, A > o0 (1+¢)-SD Mao et al. (2025)

Note: SD, FSD and SSD denote stochastic dominance, first-degree stochastic dominance and second-degree stochastic
dominance, respectively. The “second-degree” case arises only when A; or Az equals 1, so that risk aversion deviates

from the benchmark in a single direction. The parameters involved satisfy 7, Yev,Vez € (0,1], € € (0,1/2] and ¢ € (0, 1].

for some ¢ € (0,1/2]. This condition is equivalent to (1) when v(z) =z and A\; = Ay =1/ — 1.
Observing that the above ranking fails to detect the preference for  over § when EZ < Eg even
in cases where ¥ is clearly more desirable, Tan (2015) introduces weighted almost first-degree

stochastic dominance, defined as the consensus ranking of utility functions satisfying

€ u'(x) 1
< <4y/=—1 for all b
1—5_1)’(95)_\/5 or all z € [a,b],

where v is referred to as a canonmical utility function. Normalizing inf,cp, y{v'(z)/v'(z)} =

e/(1—¢), this condition is equivalent to

s {2t < e {0 (2-1)

which coincides with (1) when v is general and A\; = Ay =1/e — 1. Tsetlin et al. (2015) incorporate

risk aversion into almost stochastic dominance by imposing

sup {u'(z)} < inf {u'(x)} <é - 1) and u"(z) <0 for all x € [a,b],

z€[a,b] z€la,b]
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which corresponds to (1) with v(z) =2, Ay =1 and Ay = 1/e — 1. They also consider a convex
counterpart for risk-loving preferences with

sup {v'(z)} < inf {u'(x)} (é - 1> and v (z) >0 for all x € [a,b],

IE[a,b] l‘E[a,b]

which is equivalent to (1) with v(z) =z, Ay =1/e—1 and Ay =1.
The fourth notion, fractional degree stochastic dominance, provides an interpolation between
adjacent integer-degree stochastic dominance rules. Miiller et al. (2017) define stochastic dominance

of degree 1+~ (v € (0,1]) as the consensus ranking of utility functions satisfying
0 <~u'(y) <u'(x) for all x <y with =,y € [a,b].

This is equivalent to (1) with v(z) ==z, \; =1/~ and Ay — co. Huang et al. (2020) and Mao et al.
(2025) propose stochastic dominance of degree 1+ ¢ (c € (0,1]) as the consensus ranking of utility

functions satisfying

>_(}_1> and — T¥ () >—<}—1> for all x € [a,b],
c c

w'(z) —

respectively. These are special cases of Meyer’s condition and correspond to (1) with v(z) = e/~

and v(x) = (/7Y respectively, A\; =1 and \, — oc.

Unifying previously disconnected stochastic dominance rules into a single framework facilitates
their comparison and inspires the development of new rules. For instance, combining the ideas of
Tan (2015) and Huang et al. (2020), one can construct a new rule, namely almost fractional degree
stochastic dominance of degree 1+ c (c € (0,1]), by setting v(x) =e/c=V2 N\ =1and \y=1/c—1
(e € (0,1]). In this rule, the Arrow-Pratt risk aversion is bounded below by —(1/c¢ — 1), while
extremely large risk aversion is ruled out by keeping A, finite. This rule, which is also a special case
of benchmark-based first-degree stochastic dominance, inherits the advantages of both fractional

degree and almost stochastic dominance and exhibits the same level of tractability.

4. Bounding Deviations via Second Derivative

This section provides a meaningful approach to bounding deviations from the benchmark utility
within the utility set underlying second-degree stochastic dominance (SSD), which characterizes
the consensus of all increasing and concave utility functions in comparing random variables (Levy

1992). Formally, & dominates § by SSD, written as & SSD ¢, if Eu(Z) > Eu(y) for all u € U,, where

Us={u: u'(x) >0 and u"(x) <0 for all z € [a,b]}.
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4.1. Definition

Given a benchmark utility v € Uy, for any u € Us, k;(z) =/ (x) /v’ (x) and ke(x) =u"(x)/v" () cap-
ture the deviations of the first and second derivatives of v from those of v, respectively. To param-
eterize deviations using k1 (z) and ko(x), the constraints imposed on them should be independent,
which is crucial for avoiding the analytical intractability arising from the inherent interdependence
between the first and second derivatives.

An equivalent characterization for u representing the same preference as v (i.e., u is a positive
affine transformation of v) is as follows: (i) k2(x) is constant on [a,b], and (ii) ka(c) = Kk1(c) for
some c € [a, b]. Condition (i) implies that «’ is a positive affine transformation of v’, so u itself may
differ from v by a positive affine transformation plus a linear term. Condition (ii) removes this
linear term, thereby fully aligning the preferences represented by v and v. Thus, deviations from
the benchmark preference v are captured by non-constancy in kq(x) and the discrepancy between
ko(c) and k4(c) at some point ¢. To control these deviations, we impose two constraints. First, we
bound the relative variation of ky(x) across wealth levels

1 ko(z)
N S R

<\, for all z,y € [a,b] with z <y,

where A, As > 1. Second, we restrict the deviation between rks(c) and k1(c) at c=b

:lf-il(b) < g (b) < piakia ().

The endpoint b is chosen because the positivity of x;(b) ensures x;(x) > 0 throughout [a,b] under
u” < 0. The first condition regulates the interior variation of the second derivative, while the second
restricts the first derivative at the boundary. These two constraints operate independently, anal-
ogous to a second-order differential equation supplemented by an endpoint condition to uniquely
determine a solution. When A; = X\ = 1y = o = 1, Uy (A1, Ag; i1, p12) reduces to the equivalence
class of v under positive affine transformations, all describing the same preference as v. As these
parameters tend to infinity, Uy (A1, A2; 11, p2) expands to Us. Substituting ko (z) = v (z)/v” (z) and
k1(b) =u/(b)/v'(b) yields an explicit characterization of controllable deviations within Us.

DEFINITION 3. Let v € Uy be a benchmark utility function and Aq, Ao, pt1, tto > 1 be finite con-
stants. We say that u € Uy has its deviation bounded within [1/A;, As] X [1/11, p2], denoted by
w € Uy (A1, Ag; 1, p12), if it satisfies both

1 v"(x) u”(x) v’ (a:)

u// y ,U//
1

for all x,y € [a,b] with z <y and (5)

K "(b
[ Z } [_ 1;((17))} ' (6)
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To clarify what conditions (5) and (6) reveal about risk attitudes, it is useful to relate them to
the Arrow-Pratt indices of risk aversion. In addition to the second-order index, which character-
izes attitudes towards mean-preserving spreads, we also need the third-order Arrow-Pratt index
(originally termed the absolute prudence index (Kimball 1990)), which captures attitudes towards
skewness and downside risks (Chiu 2005). Let A,(z) = —u”(z)/u/(z) and A,(x) = —v"(z)/v'(x)
denote the second-order Arrow-Pratt indices for u and v as before, and let P,(x) = —u"'(x)/u"(z)

and P,(z) = —v"'(x)/v"(z) denote the corresponding third-order indices.

PROPOSITION 3. Let v € Uy be a benchmark utility function and Ay, Aa, 1, 2 > 1 be finite con-

stants. Under three-times differentiability, condition (5) is equivalent to
Yy
—log )\ < / [P.(t) — P,(t)]dt <log Ay for all x,y such that a <x <y <b,

and together with condition (6), it further implies

1 u()
A1ty = Ay()

N

< Aopig for all x € [a,b).

Given the infeasibility of deriving analytical ranking rules from bounds on pointwise differences of
Arrow-Pratt indices (Meyer 1977a,b), we devise a different way to set bounds on utility deviations.
Condition (5) can be read as placing a uniform bound on the cumulative differences between
the third-order Arrow-Pratt indices, [[P,(t) — P,(t)]dt, across all subintervals. When A; =1, the
left inequality holds if and only if P,(z) > P,(z) for all x, meaning that u is more prudent than
v everywhere. Similarly, when A, =1, the right inequality requires u to be less prudent than v
everywhere. Although condition (6), rewritten as 1/u; < A, (b)/A,(b) < us, appears to restrict the
relative magnitude of the second-order Arrow-Pratt indices only at the endpoint = = b, its effect
propagates to the interior due to (5), resulting in a restriction on A,(x)/A,(z) for every x € [a,b].
Taken together, the combination of (5) and (6) constrains both the discrepancy between P,(x) and
P,(x) and the ratio of A,(z) to A,(z) on |a,b.

EXAMPLE 2. Let [a,b] C (0,00) and consider v(x) =z~ /(1 —7,) + k,z (with v(z) =logz + k,z
when 7, = 1), whose Arrow-Pratt indices are A, (z) =7, /(z+k,2'*) and P,(z) =, /z. For u(z) =
2t /(1 —7,) + ko (with u(z) =logz + k,z when ~, =1), we have A,(x) =, /(z + k,x'™*) and
P,(x) =, /x. Assuming 7., Yy, ku, k, all positive, u € U (A1, Aag; pi1, o) if and only if

log )\1 < < log )\2 Yo Yu < H2Yw

log(b/a) SV — Yo S Tog(b/a) an (b= + k)~ b4k, b+ ky

This example illustrates that (5) captures only the difference in risk attitudes arising from second-

order and higher derivatives, while (6) takes into account the difference from the linear term.
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The control over the second derivative via (5) governs the evolution of the first derivative from
one point to the next, while the endpoint condition on the first derivative via (6) anchors its
level. Together, the entire path of the first derivative across the domain is completely determined,
suggesting that the refined bounds on deviations in U, would imply corresponding coarser bounds

in U;. Such a nesting relationship is formalized below.

PROPOSITION 4. Let v € Uy be a benchmark utility function and A1, Aa, pt1, b2 > 1 be finite con-
stants. Then, any u € Uy (Ay, \o; i1, o) satisfies

() v'(x)

1 v'(x)
) =M (y)

A U’(y)

< “ for all z,y € [a,b] with < y.

u

Accordingly, Uy (A1, Aa; pi1, p2) C UL (A1per, Adapt2), and thus the common ranking agreed upon by
all utility functions in U} (A1, A2p2) also applies to all utility functions in U (A, Ag; ft1, fi2)-

4.2. Interpretation and Elicitation
As before, condition (5) admits a behavioral interpretation based on choices from pairs of mean-

ingful lotteries, analogous to condition (1). Consider the choice between

Y

5(1+q) s(1+9)

and 29!

3(1—q) r+é 3

where y > x are two wealth levels, € is a zero-mean risk, and all of x, y,  + € and y + € lie within
[a,b]. When ¢ = —1, risk-averse decision-makers always prefer Z, to Z;, and when g = 1, they always
prefer Z; to Z,. As ¢ increases from —1 to 1, the difference between the expected utilities of Z; and
Z5 increases monotonically, transitioning from negative to positive. The unique switch point, which
represents the probability premium required to compensate for the greater utility loss from adding
€ to z rather than to y, is given by

2

Qu(l'ay;g) = Tu(y)—Eu(y+2) -1
[ Etg] +1

It is determined by [u(y) —Eu(y+¢)]/[u(z) —Eu(z+¢€)] and ultimately by properties of u”(x)/u" (y).
Due to the structural similarity between ¢, (x,y;€) and the term ¢, (x,y; k) that underpins condition
(1), condition (5) can be interpreted as requiring the probability premia g, (z,y;€) and ¢,(z,y;€)

that are associated with v and v respectively to be close in value.
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Regarding condition (6), consider the choice between

1(1+q) b

and 24

s1=O> pgs

where € and k£ > 0 are small enough. Under u € U,, there is a unique switch point at which the

decision-maker is indifferent between Z3 and Z,, given by

2

- —1.
Eu(b)—Eu(b+€)
[]Eu(b)fEu(bfk)] +1

When w is twice continuously differentiable around x = b, the term [Eu(b) — Eu(b+ €)]/[Eu(b) —
Eu(b — k)] is approximately proportional to u”(b)/u’(b). Thus, condition (6) essentially requires
qu(b; —k,€) and q,(b; —k,€) to be close in value.

PROPOSITION 5. Let v € Uy be a benchmark utility function and A1, Aa, pi1, e > 1 be finite con-

stants. Under twice continuously differentiability, u € Uy satisfies condition (5) if and only if

§(qu(,y;€), 1/ A1) < qu(,y;€) <E(qu(T,95€), A2)

foralla <x <y <b and all £ bounded in absolute value by max{x —a,b—y, (y—x)/2}, and satisfies
condition (6) if and only if

for all € and k >0 small enough, where {(q,,n) is defined as in Proposition 2.

By interpreting (5) and (6) in terms of simple lottery choices, the parameters A1, Ag, i1, i can

be directly elicited by applying the procedure described in Section 2.2 to those choices.

5. Benchmark-Based Second-Degree Stochastic Dominance
Benchmark-based second-degree stochastic dominance captures the consensus ranking of risky
prospects among utility functions within Uy (A1, Aa; i, fho)-

DEFINITION 4. Given a benchmark utility function v € U, and finite constants A;, A > 1 and
w1, 2 > 1, © dominates y by benchmark-based second-degree stochastic dominance parameter-
ized by (v, A1, A\, pi1, pi2), denoted by Z (v, A1, Ag, i1, 2)-BSSD g, if Eu(Z) > Eu(g) for all u €
U3 (A1, Aas s p2).
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5.1. Integral Condition
For expository purposes, we use HV(z) = [ H(t)dt as shorthand for the integral of a cdf H.

THEOREM 2. Given a benchmark utility function v € Uy and four finite constants Ay, Ao, piy, pia >
17 z (Ua)\b)\%}ulv,uQ)'BSSD g Zf and only Zf

min {1, ij} / (@)][FO (@) — GO(2)] . da + min {1, 2} / o @) [FO () — GO ()], da

911 [wm] (GO (@) — PO (x)] dt + Al / T @)EY @)~ FO (@) do

I B)GDB) = FO®B)], — min{

s } JOFOB) — GOW). for all t€ab],  (7)

1, —
/\2,U2 A2

where F' and G are the cdfs of T and g, respectively.
Recall that the integral condition for & SSD ¢ is F (z) < GM(x) for all z € [a,b] (Levy 1992).
Using the weight function in (3), condition (7) can be rewritten as

11
V(F,G,t) gmax{)\—,)\—}C(F,G,t) for all ¢ € [a,b], (8)
1 2

where

VEGH = [ Lo @IFD(@) — GO (@) w3, 0y (035 + 100 B FD(B) — GO (5)] 0, 1, (558),

a
b

CF,Gt) = [ 10" @GV (@) = FO@)] a0 53 0+ 0/ B)[G(6) = FOB)] 03,0, (050),

a M2

represent the overall weighted difference (i.e., weighted area plus endpoint gap) between F' and G
for the regions violating and satisfying SSD, respectively. Condition (8) asserts exactly that the
overall weighted difference for the violation region is no greater than the fraction max{1/A;,1/\}
of that for the compliance region. It reduces to Ev(Z) > Ev(g) when A\ = Ay = iy = o = 1, and
approaches the condition for & SSD g as A;, Ag, i1, tto tend to infinity.

The BSSD rule involves four parameters in addition to the benchmark utility. By assigning
special values that make economic sense, one can reduce the number of parameters that need
to be estimated in practice. For A\; and Ay, one may set (A1, A2) = (A, A), (1,A) or (A, 1), which
corresponds respectively to symmetric deviation, reinforcement or weakening of absolute prudence.
For p; and p9, note that given any pair of lotteries, only one parameter is relevant, since at most
one of the terms [G™M (b) — FU(b)] and [FV (b) — GV (b)], is nonzero. The relevant parameter can
be set to 1, reflecting convergence in risk attitudes at the endpoint, or to oo, ensuring robustness
to any perturbations at that point. When these parameters take such special values, the integral

condition for BSSD simplifies accordingly.



18

Table 2 Existing rules as special cases of benchmark-based second-degree stochastic dominance

v A1, Aoy fh1, o rule reference

A. Combined stochastic dominance

=1 Ap=-2 Feng and Shanthikumar
v(x) =kr—2? Tev Yer (24 Yeuy 2+ Yer )-SD
1 — 00, by — 0O (2025)
B. Almost stochastic dominance
AM=d=1-1
v(x)=kr —2? R almost SSD Tzeng et al. (2013)
M1 —> OO0, Ha —> OO
C. Fractional degree stochastic dominance
A =1 A —o00
v(x) =kx —2? P (2+~)-SD Bi and Zhu (2019)

5t — 00, plg = 00
AM=1, A — 00

v(z) =ka — ez ? (2+¢)-SD Huang et al. (2020)
‘/{—; — 00, g —> 00
AM=1, A —

o(@) = kx —gl/ern T 2T (2+¢)-SD Mao et al. (2025)
Sy =00, fiz = 00

Note: SD and SSD stand for stochastic dominance and second-degree stochastic dominance, respectively. The param-

eter k is chosen so that v'(z) > 0 for all x € [a,b]. The remaining parameters satisfy v € (0,1], ¢ € (0,1/2] and c € (0, 1].

5.2. Unifying Existing Rules

The BSSD includes several existing stochastic dominance rules as special cases, see Table 2 for
a summary. The first is the combined stochastic order, (2 + 7., 2 + 7. )-stochastic dominance,
proposed in Feng and Shanthikumar (2025) as an extension of Miiller et al. (2017) to the second-

degree case. It ranks prospects according to utility functions satisfying

Yeo[ =" (y)] < [-u"(2)] <

[—u"(y)] for all z,y € [a,b] with z <y,
Yez

where ve,, Ver € (0,1]. This condition corresponds to a special case where v(z) = kx — 2%, A\ = 1/7,,
and Ay =1/7., in condition (5) and p1, s — oo in condition (6). The clean equivalence between
Z (v,A1,A2)-BFSD ¢ and v(z) (14 1/A;,1 4 1/X2)-SD v(y) breaks down in the second-degree
case. This is because the chain rule inextricably links the second derivative of uwov™! to the first
derivatives of both u and v, preventing it from satisfying the above condition for (2 + ey, 2 4 Yer)-
stochastic dominance. Hence, Z (v, A1, \a, i1, 112)-BSSD ¢ neither implies nor is implied by v(Z)
(2+1/X1,2+1/X2)-SD v(y), in stark contrast to the first-degree case.

The second rule is almost second-degree stochastic dominance introduced by Leshno and Levy
(2002) and revisited by Tzeng et al. (2013), which requires u € U, and
sup {—u"(2)} < $inf {—u"(x)} <é - 1)

z€[a,b] €la,b]
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for some € € (0,1/2]. This condition is a special case of (5) with the benchmark utility being a
quadratic function and A\; = Ay =1/ — 1, and a special case of (6) with p, 1o — 00.

The third rule is fractional degree stochastic dominance lying between the second and third
degrees. Bi and Zhu (2019) introduce stochastic dominance of degree 2+~ (v € (0,1]) as the

consensus ranking of utility functions satisfying v € U, and
0 <~[-u"(y)] < [-u"(x)] for all z <y with z,y € [a, b].

This is equivalent to (5) and (6) with v being a quadratic utility function, \; =1/v and Ay — oo
and fi1, 1o — 00. Huang et al. (2020) and Mao et al. (2025) define stochastic dominance of degree
2+ ¢ (c€(0,1]) as the consensus ranking of utility functions satisfying u € U, and

" 1 " 1
_u (x)2_<7_1> and — 2% (x)2—<7—1) for all x € [a, b],
u”(ZL‘) c ’U/’(.CC) c

respectively. These conditions are equivalent to (5) and (6) with v(z) = kx — e(*/*"Y% and v(z) =
kx — /et respectively, Ay =1, Ay — 00 and juq, ftg — 0.

Bringing together previously separate stochastic dominance rules within a unified framework can
lead to the creation of new rules. For instance, by integrating the insights from Tzeng et al. (2013)
and Tan (2015), one can construct a new rule, namely weighted almost second-degree stochastic
dominance, by letting v be general and setting A\; = Ay =1/e —1 (¢ € (0, 1]), to serve as the second-

degree counterpart of weighted almost first-degree stochastic dominance (Tan 2015).

6. Benchmark-Based Higher-Degree Stochastic Dominance

The above method for establishing benchmark-based second-degree stochastic dominance is struc-
tured and coherent, allowing for a systematic generalization to defining benchmark-based stochastic
dominance of arbitrary higher degrees. For any integer N >2 and n=1,..., N, let v denote the

nth derivative of u, and define
Uy = {u: (—1)"*"'u™(2) > 0 for all x € [a,b], n=1, ...,N}

as the set of utility functions with odd-order derivatives positive and even-order derivatives negative
up to order N. The condition (—1)""'u(™ >0 for all n €N is known as mixed risk aversion, since
utility functions with this property can be expressed as mixtures of exponential utilities (Caballé
and Pomansky 1996). We say that & dominates § by Nth-degree stochastic dominance (NSD),
written as & NSD g, if Eu(z) > Eu(y) for all u e Uy.
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DEFINITION 5. For N > 2, let v € Uy be a benchmark utility function and A1, Ag, fi1, ..., flay—2 > 1
be finite constants. We say that u € Uy has its deviation bounded within [1/A;, o] X [1/p1, p2] X
X [1//1,2]\],3, ,LLQN,Q], denoted by ue UKI ()\1, )\2, iy eeey ,U,QN,Q), if it satisfies

1o ®(@) _a™(r) _ o)
X o) < A (y) < )\( v)(N)( m for all z,y € [a, (b] )Wlth xr <y and (9)
1 N0 (0) Non M (D) v v ™M (b) - )
o {(—1) U(m(b)} < {( 1) u(n)(b)} < Han {( 1) U(n)(b)} forn=1,..,N—1. (10)

We say that & dominates § by benchmark-based N th-degree stochastic dominance parameterized
by (v, A1, Aoy iy ...y lan—2), denoted by & (v, A1, Ag, fi1, ...y pan—2)-BNSD ¢, if Eu(Z) > Eu(g) for all
ue U}\),()\l, )\Q;Ml, -'-7/-1/2N—2)-

6.1. On the Preference Condition

For u € Uy and n=1,...,N, k,(z) = u™(x) /v (x) captures the deviation of the nth derivative
of u from that of v. For u to represent the same preference as v, it is necessary and sufficient that
kn(x) is constant on [a,b] and that ky(b) = k,(b) for all n=1,...,N — 1. Condition (9) bounds
the relative variation of ky(x) over wealth, analogous to (5). Condition (10) extends the endpoint
matching by imposing N — 1 constraints to ensure ky(b) remains close to each lower-order &, (b),
paralleling the role of (6). Together, conditions (9) and (10) govern the deviation of u from v across
all derivatives, thereby extending conditions (5) and (6) to higher degrees.

Caballé and Pomansky (1996) and Denuit and Eeckhoudt (2010) generalize the Arrow-Pratt
index of risk aversion (Pratt 1964) and prudence (Kimball 1990) to higher orders, collectively known
as higher-order Arrow-Pratt indices, which play a key role in various applications (Deck et al.
2024). For n € N, let A"V (x) = - (z)/u(z) and A"V (z) = —v+Y(2)/v™ () denote
the (n + 1)th-order Arrow-Pratt indices for u and v, respectively. The following result connects

conditions (9) and (10) to these indices.

PROPOSITION 6. For N > 2, let v € Uy be a benchmark utility function and A1, Ao, fi1, ..., floy—2 >

1 be finite constants. Under (N + 1) times differentiability, condition (9) is equivalent to
Yy
—log\; < / [A;N“)(t) — AEJN“)(t)] dt <log Xy for all x,y such that a <z <y <b,

and together with condition (10), it further implies

1 AN (g \ p
< U < _
Mpon—s — AN (2) ~ 2han =2 an
1 N 1 A (x N
X < (n)( ) < Aoplon—2 H Pok—1ptor when n=2,...,N —1
1Mon—3 = Mok—1M2e Ay (z) i

for all z € [a, b)].
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The interior control of the Nth derivative via (9), combined with the endpoint conditions on
derivatives up to order N — 1 via (10), propagates the interior constraint down to the (N —1)th
derivative, inducing a nested property Uy (A1, Ag; fh1,y-ees poan—2) CUR_4 (5\1, 5\2; [, ...,ﬂQN,4), where
5\1 = Aiflan—3, 5\2 = Aaflan—2, flan—1 = Hon—1Maen—2 and flo, = fo,flon—3 forn=1,..,.N —2.

PROPOSITION 7. For N > 2, letv € Uy be a benchmark utility function and A1, Ao, fi1, ..., oy _2 >

1 be finite constants. Then, any w € U} (A1, Aa; fi, ..., lan—2) also satisfies

1 oW Y(x)  uwWNY(x) vV (g .
M 0T (y) < AT (y) < )\2;;2]\,,21}(?1)(2;/) for all x,y € [a,b] with v <y and
1 v (p uN=V(b vV (p
_1)N—n—1 o ( )} < {(_DN—n—l o ( )} < o flon—3 {(_DN—n—l o ( )
Hon—1H2N—2 v (b) u™ (b) v (b)

forn=1,.... N —2.

Conditions (9) and (10) can be interpreted as constraining how much the probability premia
induced by a utility function w in simple lottery choices can deviate from those implied by the
benchmark v. The design of the lottery choices is based on Eeckhoudt and Schlesinger (2006).
Denote by [z;y] a lottery with a 50-50 chance of receiving either outcome z or y, where = and y
themselves may also be lotteries. Let k£ > 0 be a constant and {&;} be an indexed set of mutually

independent zero-mean risks. Define A, = —k, B, =0, A, =&,, B, =0, and for n > 3 iteratively
An = [An—Q + €~Int(n/2); Bn—Z] ’ Bn = [An—Q; Bn—2 + €~Int(n/2)] )

where Int(n/2) denotes the greatest integer not exceeding n/2. Economically, A, attaches an
independent zero-mean risk to A,,_, and B,, attaches that risk to B,,_,. Consequently, A,, represents
an increase in nth-degree risk relative to B,,, and the choice between them reveals the sign of u(™.
Indeed, Eeckhoudt and Schlesinger (2006) show that (—1)"*'u(™(z) > 0 if and only if B, is always

preferred to A,, for any k and collection {&;}. To interpret (9), consider the choice between

J(1+q) ~ Y+ By L14q) » ¥+ An

and Ryt

where y > x are two wealth levels, and all outcomes x + Ay, x + By, y + Ayx, and y + By are

contained within [a,b]. Under (—1)¥*1u(™)(z) > 0, there is a unique switch point given by

2
qu(z,y; An, By) = [T L
]Eu(z+BN)—Eu(CE+AN)
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which depends on [Eu(y+ By)—Eu(y+ Ax)]/[Eu(z + By) — Eu(z+ Ayx)] and ultimately on

u™ (y)/uN) (x). To interpret condition (10), consider the choice between

and 24

5(1—q) b+ By.

1
2

b+ An

Under u € Uy, there is again a unique switch point given by

2

Eu(b+Brn)—FEu(btAn)
[Eu(b-&-BJZ) Eu(b—Q—Ay]:, ]+1

QU(ba ANaBNaAnaBn) -

-1,

in which the term [Eu(b+ By) —Eu(b+ Ay)] / [Eu(b+ B,)) — Eu(b+ A,)] is approximately propor-
tional to u™) () /u™ (b) when the payoffs of Ay, By, A, and B, are sufficiently small.

PROPOSITION 8. For N > 2, let v € Uy be a benchmark utility function A1, Ao, i1, ..., flany—2 > 1
be finite constants. Suppose u and v have continuous derivatives up to order N. Then, u € Uy

satisfies condition (9) if and only if
§(qo(z,y; An, By), 1/ M) < qu(z,y: An, By) <&(qu(2,y; An, By), A2)
foralla<x <y <b and all Ax, By bounded in absolute value by max{zx —a,b—y,(y—x)/2}, and
satisfies condition (10) if and only if
£(qo(b; Any By Any Bn)s 1/ pian—1) < qu(b; Ay By, Any Br) <&(qu(b; An, B, Ansy Br), pian)
for all Ax,Bn, A,, B, with sufficiently small payoffs, where £(q,,m) is defined as in Proposition 2.

6.2. On the Integral Condition
For a generic cdf H, define H® (z) = H(z) and H™ (z) = [ H"=Y(t)dt iteratively for n > 1.

THEOREM 3. For N > 2, given a benchmark utility function v € Uy and 2N finite constants
Ay Aoy iy ooy plon—2 > 1, T (Ua)‘la/\27,U'17-“7,U'2N—2)'BNSD g if and only if
)\ t
min{l,;} / (—1)V ™) (@) [FYD (z) — GV ()] dar

1

+ min {1, i;} lb(—l)N“v(N) (2)[FNV(z) = GV V()] dx
1

sh/ﬂ DN (@) [GV D (2) — PN ()] dt
+ ;/ (1N () [NV (2) — FVD ()], da
+ Z

el )\2M2n

1)1 (5)[G) (b) — F™ ()],

—Zum min {1, 2} (PO @FOG) - GO0 for alltelad, (11
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where F' and G are the cdfs of T and g, respectively.

Recall that the integral condition for Z NSD ¢ is F(™(b) < G™(b) for n=1,..., N — 1 together
with FV=1 () <GW-Y(z) for all z € [a,b] (Levy 1992). Using the weight function in (3), condition

(11) can be rewritten as
V(F,G,t) < max{;l, L}C(F,G,t) for all ¢ € [a,b], (12)
where
VEG,0) = [ (-1 @) [ @) — G @) s )

+N21M2n (=) M) [FM () = G (b)) w(bs ),

b

C(F,G, t :/ —1) NA+1,,(N) (x )[G(Nil)(x)_F(Nil)(x)]-y-’w(x;t)dx
+ Nzll ’u2n )t o™ (b) [G(n)(b) _ F(")(b)]JFUJ(b;t),

Thus, condition (12) admits the same interpretation as (8): the overall weighted difference on
the region violating NSD is no greater than the fraction max{1/A;,1/A2} of that on the region
satisfying NSD. It reduces to Ev(Z) > Ev(g) when \; = Ay =y =+ = pay_2 =1, and approaches
the condition for £ NSD g as A1, Ag, i1, ..., flan—2 tend to infinity.

To facilitate the use of BNSD, one can reduce the number of parameters that need to be esti-
mated by assigning special values. The pair (A, A2) can take values (A, A), (1, ) or (A, 1), reflecting
symmetric deviation, reinforcement or weakening of (N + 1)th-order absolute risk aversion. For
each 1 <n < N —1, only one of ps, 1 or us, is relevant for a given pair of lotteries, as only one
of [G™(b) — F™(b)], or [F™(b) — G™(b)], is nonzero. The relevant parameter may be set to
1, reflecting consensus at x = b, or to oo, ensuring robustness to perturbations there. With these
choices, the corresponding integral condition for BNSD simplifies accordingly. In addition to these
simpler specifications, BNSD generalizes many known stochastic dominance rules. Table 3 sum-
marizes these cases, showing how existing rules are recovered under specific choices of benchmark
utilities and deviation parameters. It directly extends Table 2 to higher degrees.

It is worth noting that the almost Nth-degree stochastic dominance shown in Table 3 lacks the
hierarchy property. To overcome this drawback, Tsetlin et al. (2015) introduce generalized almost

stochastic dominance (GASD), which successively imposes

1
sup {(—1)"u™(2)} < mf D™ (x (— — 1).
s (=) @) < nt @} (=
for all n=1,...,N. This condition for order n implicitly takes the nth-degree polynomial utility

as the benchmark, resulting in different benchmark utility functions being used across orders.
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Table 3  Existing rules as special cases of benchmark-based Nth-degree (N > 2) stochastic dominance

v A1, Aoy 1y ey 2N —2 rule reference

A. Combined stochastic dominance

v(z) = (=1)N+zN M=o A=+ (N + N +4.,)-SD Feng and Shanthikumar
o Vevs Vex )=
+EN lk " [y eey flaN o —> OO (2025)
B. Almost stochastic dominance
= (—1)N+ighN A=X=1-1
v(@) J(V 1) R almost NSD Tsetlin et al. (2015)
+ =1 knz" M1y ey 2N —2 = OO
C. Fractional degree stochastic dominance
= (=1)N+1gN A= d =
v(@) ](V 1) v ! 27 (N +7)-SD Bi and Zhu (2019)
+3,2 kaa™ ”2"1—>oo [y — OO
v(@) = (_i)fﬂe(l/c_l)x A=1 Ao =00 (N +¢)-SD Huang et al. (2020)
+3 2 kaa™ “2;21—>oo flon — OO
v(@) = (_}V)N:l AL =l Ay e (N +¢)-SD Mao et al. (2025)
+3, kaa™ “2”1%00 [y — OO

Note: SD and NSD stand for stochastic dominance and Nth-degree stochastic dominance, respectively. The parameters
En (n=1,..,N —1) are chosen so that v(z) satisfies (—1)"" v (2) >0 for all z € [a,b] and n=1,..., N — 1. The
remaining parameters satisfy v € (0, 1], € € (0,1/2] and ¢ € (0, 1].

Such implicit substitution substantially reduces tractability and makes the corresponding integral
condition for GASD cumbersome. By contrast, our benchmark-based stochastic dominance retains
the same benchmark utility across all orders, not only exhibiting a hierarchy property in that
(’1)75\1,5\2,[11,...,[:LQN_4)—B(N-1)SD implies (v, A1, Ag, fi1, ..., oy —2)-BNSD (c.f., Proposition 7), but
also being significantly more tractable than GASD.

Finally, we have established benchmark-based stochastic dominance rules for utility functions
exhibiting mixed risk aversion, which implies an intuitive preference for “combining good with bad”
in the context of risk apportionment (Eeckhoudt and Schlesinger 2006, Eeckhoudt et al. 2009).
Recently, increasing attention has been given to preferences for “combining good with good” and
“bad with bad” (Crainich et al. 2013, Denuit et al. 2013, Ebert 2013). These opposite preferences
require utility functions to satisfy u(™ > 0 for all n € N, a property termed mixed risk lovingness
or convex preferences (Crainich et al. 2013). Benchmark-based stochastic dominance can likewise

be defined for convex preferences, and the corresponding results are provided in the Appendix.

7. Application
To demonstrate the advantage of benchmark-based stochastic dominance, we employ it to rank

stocks and bonds for different investment horizons. This analysis helps determine whether the opti-
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Table 4 Descriptive statistics for stock and bond portfolios

1 month 6 months 12 months 24 months 48 months 60 months

A. Stock portfolio

mean 1.01 1.06 1.12 1.25 1.54 1.72
std. dev.  0.05 0.14 0.21 0.30 0.49 0.58
skew 0.13 0.05 0.17 -0.22 0.36 0.21
kurt 7.37 3.40 3.20 0.72 1.57 0.50
min 0.71 0.52 0.34 0.21 0.25 0.34
max 1.39 1.99 2.56 2.45 3.91 4.49
B. Bond portfolio
mean 1.00 1.02 1.03 1.07 1.14 1.19
std. dev.  0.00 0.02 0.03 0.06 0.13 0.17
skew 1.10 1.05 1.05 1.08 1.12 1.10
kurt 1.41 1.08 1.00 0.94 0.89 0.74
min 1.00 1.00 1.00 1.00 1.00 1.00
max 1.01 1.08 1.15 1.29 1.56 1.70

Note: This table reports the means, standard deviations, skewness, kurtosis, minimal value and maximum value for

gross returns on bond portfolios (Panel A) and stock portfolios (Panel B) with different holding periods.

mal allocation between stocks and bonds ought to vary with the investment horizon, an important
issue related to retirement planning and life-cycle investing (Leshno and Levy 2002, Levy 2009,
Bali et al. 2009). To facilitate comparison, we adopt the empirical setting of Bali et al. (2009), who
ranked stocks and bonds across multiple horizons using almost stochastic dominance.

Denote the one-period rate of return on stocks and bonds by 7 and 72, respectively. The gross
returns of portfolios invested 100% in stocks and 100% in bonds over T consecutive periods, denoted
by Z7 and gz, can be written as 7 = [[,_, (1 +75) and §r =[], (14 7B). As in Bali et al. (2009),
we compare the returns of stock and bond portfolios over holding periods of 1, 6, 12, 24, 48 and 60
months. The monthly returns on stocks are measured by value-weighted returns of all U.S. firms
listed on the NYSE, AMEX or NASDAQ, and the monthly returns on bonds are measured by
the one-month Treasury bill rate. Both data series are retrieved from the Kenneth French data
library, covering the period from July 1926 to December 2024. Table 4 reports the descriptive
statics for stock and bond portfolios with different holding periods. For all investment horizons,
the mean and standard deviation of stock returns are greater than those of bond returns. Both the

mean and standard deviation of stock and bond returns increase with the investment horizon. The
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Figure 2  The empirical cdfs of stock and bond portfolios for different investment horizons.

skewness and excess kurtosis are far different from zero in most cases, implying that the empirical
distributions of stock and bond returns do not generally follow a normal distribution.

To construct the empirical cdf for each portfolio, we first identify the minimum and maximum
returns and divide the return range into equal-sized bins, each with a width of 0.1%. The empirical
cdf is then generated by computing the proportion of portfolio returns that fall below the boundary
value of each bin. Figure 2 displays the empirical cdfs of the stock and bond portfolios for investment
horizons of 1, 12, 24 and 60 months. In each case, the cdf of the stock portfolio intersects that of
the bond portfolio exactly once from above, indicating that stocks do not dominate bonds by FSD.
As the investment horizon increases, the cdfs of both portfolios shift to the right, reflecting higher
returns. Meanwhile, the area where the stock cdf lies above the bond cdf shrinks, while the area
where it lies below expands. This suggests that the violation area of the FSD relationship in which
stocks are thought to dominate bonds diminishes with the investment horizon.

Following Bali et al. (2009), we base the comparison between the stock portfolio Zr and the
bond portfolio ¢ on their empirical cdfs, which are denoted as Fr and Gr, respectively. We adopt
the widely used iso-power utility function

1

— 1_'71)_1
1_'711(1' )

v(x)

as the benchmark utility function, with the Arrow-Pratt relative risk aversion index ~, taking values
from {—2,—1,0,1,2,...,8}. The range spanned by these values covers the majority of relative risk

aversion levels observed in empirical and experimental studies (Halek and Eisenhauer 2001, Deck
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et al. 2024), and both risk averse and risk seeking preferences are considered. As our characterization
of deviations depends on the wealth domain, we normalize the initial wealth to one and fix [a,b] =
[0.21,4.49] throughout the analysis, with the endpoints set to the minimum and maximum returns
across all portfolios. This ensures that utility functions are defined on the same interval, regardless
of which portfolios are compared.

When applying benchmark-based stochastic dominance to rank Z; and ¢, we can derive three
results in sequence: i) which prospect is more favorable under the benchmark utility function;
ii) the maximum allowable deviation of the utility function from the benchmark that preserves
the ranking; iii) the critical probability premium in simple lottery choices corresponding to this
maximum deviation. Among them, ii) is derived from the cdfs of Zr and §r, and iii) helps the
decision-maker assess whether the allowable deviation accommodates their natural variation in
choice behavior. If it does, the ranking remains robust even if their preference fluctuates; otherwise,
the ranking may be overturned due to larger-than-allowed preference changes. Notably, under
benchmark-based stochastic dominance, either Zr or ¢y may dominate the other, depending on

which prospect is more favorable under the benchmark utility function.

7.1. Results Ranked by BFSD
To apply BFSD to compare stock and bond portfolios, we first set A; = Ay = A. According to
Theorem 1, when Ev(Zr) > Ev(gr), the maximum value of A for Z7 (v, A\, \)-BFSD g is given by

' (2)[Gr(z) — Fr(z)) da
Jov' (2)[Fr(z) — Gr(x)] da’
and when Ev(gr) > Ev(Zr), the maximum value of A for g7 (v,\,\)-BFSD Zr is given by
P f: v'(z)[Fr(r) — Gr(x)] dx
[P0 (2)[Gr(x) — Fr(z)]+da’

where a superscript T is used to indicate that bonds dominate stocks.

The estimates of A and A" based on empirical cdfs F; and Gp are reported in Panel A of
Table 5. When -, < 3 regardless of the investment horizon, or when ~, =4 and the horizon is
one month or six months, stocks dominate bonds under the corresponding A. For all v, < 3, A
increases with the horizon, implying that the set of utility functions that favor stocks over bonds
grows larger, meaning that the consensus that stocks are superior to bonds becomes increasingly
broad. When ~, =4 and the horizon is twelve months or longer, or when =, > 5 regardless of the
horizon, bonds dominate stocks under the corresponding Af. However, for any given 7, > 5, Af
does not vary monotonically with the investment horizon; instead, it first rises and then declines
as the horizon lengthens. This finding suggests that, when the benchmark utility function exhibits

high risk aversion, an increasing number of deviating utility functions initially prefer the bond
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Table 5 Maximum allowable deviation for BFSD to hold

Investment horizon o
-2 -1 0 1 2 3 4 ) 6 7 8
A. The maximum value of A for (v, A, \)-BFSD to hold
1 month 1.71 158 1.46 1.35 1.25 1.15 1.06 1.03" 1.13" 1.23f 1.367
6 months 3.74 3.05 248 201 1.62 1.29 1.02 1.277 1.67" 2251 3.11f
12 months 6.41 4.72 3.47 253 1.81 1.25 1.20" 1.94" 3.38" 6.457 13.52f

24 months 14.94 953 6.00 3.66 2.10 1.09 2.03" 5.34" 16.63" 59.06" 230.08"

48 months 53.15 26.93 13.77 6.90 3.26 1.41 1.86" 5517 18.02"7 63.527 235.257

60 months 90.67 41.65 19.60 9.30 4.38 2.02 1.12f 2.617 6.40" 16.287 42.88f
B. The maximum value of Ay for (v,1,A2)-BFSD to hold

1 month 1.71 158 1.46 135 1.25 1.15 1.06 ool ool  oof oof

6 months 3.74 3.05 248 201 1.62 1.29 1.02 oof oof oof oof
12 months 6.41 4.72 3.47 253 1.81 1.25 oof ool  oof oof oof
24 months 14.94 953 6.00 3.66 2.10 1.09 oof  oof oof oof oof
48 months 53.15 26.93 13.77 6.90 3.26 1.41 oof  oof oof oof oof
60 months 90.67 41.65 19.60 9.30 4.38 2.02 oof  oof oof oof oof

C. The maximum value of A\; for (v, A;,1)-BFSD to hold

1 month 9] '9) 00 o0 00 00 oo 1.037 1.13T  1.237  1.367
6 months 00 00 o0 oo oo oo oo 1270 167t 2257  3.11f
12 months o0 o0 o0 oo oo oo 1.207 1.94" 3.387 6.45" 13.52f
24 months o0 o0 o0 oo oo oo 2.03" 534" 16.63" 59.067 230.08"
48 months o0 o0 o0 oo oo oo 1.867 5517 18.02F 63.53" 235.25
60 months 00 o0 00 oo oo oo 1.127 2617 6.407 16.287 42.88f

Note: Numbers without the superscript { correspond to stocks dominating bonds, and numbers with a superscript |

correspond to bonds dominating stocks.

portfolio as the investment horizon grows. However, when the horizon becomes sufficiently long,
stocks become more appealing to some of these utility functions, thereby reducing the set of utility
functions that continue to favor bonds over stocks.

In the special case of v, =0, (v, A\, \)-BFSD coincides with the notion of almost FSD developed by
Leshno and Levy (2002), who introduced a parameter ¢ to eliminate extreme risk preferences within
the utility set used to define stochastic dominance. By converting the critical value X at vy, =0 to
the corresponding critical € via €= 1/(1+ ), we obtain & = 40.7%, 28.7%, 22.4%, 14.3%, 6.8%, 4.9%

for investment horizons of 1, 6, 12, 24, 48 and 60 months, respectively. Based on the experimental
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results of Levy et al. (2010), who estimated & = 5.9% for a group of subjects from simple lottery
choices, we conclude that the stock portfolio dominates the bond portfolio by almost FSD only for
the 60-month investment horizon. It is important to note that almost FSD, which uses v(z) =z as
the sole benchmark, excludes many economically relevant preferences from the analysis, a viewpoint
first demonstrated by Levy (2009). Indeed, according to our Proposition 1, an iso-power utility
function u(z) =z'~7 /(1 —~,) falls within U} (A1, \2) if and only if

log )\1 < < log )\2

log(b/a) = " "~ log(b/a)’

Substituting a =0.21, b=4.49, v, =0, A\; = A\, = 19.36 into the above formula, we obtain —0.97 <
Yu < 0.97. This means that if v(z) =z is used as the benchmark, iso-power utility functions with
Yo < —1 or v, > 1 are excluded from the underlying utility set when comparing stocks and bonds
over horizons up to 60 months. Therefore, allowing users to specify different utility functions as
the benchmark enables them to incorporate a broader range of economically relevant preferences
in their evaluation. Overall, the results in Panel A of Table 5 echo the finding of Levy (2009) that
popular preferences do not necessarily support long-run investment in equities. In fact, for utility
functions with relative risk aversion of 4 or more, bonds may be preferred to stocks for the long
run while stocks are preferred for shorter horizons. The robustness of these assertions to preference
perturbations can be measured by the critical value A or AT in the table.

The symmetric deviation assumption in (v, A, A\)-BFSD treats increases and decreases in risk
aversion equally. To explore how widely the ranking by the benchmark utility function is accepted
when risk aversion only goes up or down, (v,1,A;)-BFSD and (v,A;,1)-BFSD can be applied.
According to Theorem 1, when Ev(Zr) > Ev(gr), the maximum value of A, for 27 (v,1,A;)-BFSD
Gr is Ay =00 if Qy = {t € [a,b] : [0 (x)[Fr(z) — Gr(x)]dz >0} =0 and is given by

Ao = inf Ji v (2)[Gr(x) - Pr(@)]de
teQo fat v/(x)[FT(l‘) — GT(SU)]d:E

otherwise; when Ev(jjr) > Ev(i7), the maximum value of A, for §r (v,1,\;)-BFSD &7 is Ab = 0o

if Q) ={t € [a,b]: [(v'(2)[Gr(x) — Fr(x)]dz >0} =0 and is given by

e J V@) [Fr(w) — Gr(a))da

S _
* w0} ;v (2)[Gr(2) — Pr(x))dz

otherwise. Similarly, when Ev(Z7) > Ev(gr), the maximum value of A\; for Zr (v,A;,1)-BFSD g7
is A\, = o0 if @y = {t € [a,b]: [0 (z)[Fr(z) — Gp(z)]dz >0} = and is given by
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otherwise; when Ev(gr) > Ev(Zr), the maximum value of A; for g7 (v,A,1)-BFSD Zr is M =00

if Qf ={te[a,b]: [)v'(2)[Gr(z) — Fr(z)]dz >0} =0 and is given by

A = inf Ju¥' (@) [Fr(2) = Gr(x))da
veal [} v'(2)[Gr(x) — Fr(x)ldz

otherwise.

Given that in our data Fr crosses G exactly once from above, the theoretical analysis (see
Claim A1 in the Appendix) shows that when Ev(Z7) > Ev(jr), A2 = A and \; = oo, whereas when
Ev(§r) > Ev(Zr), Al = co and Al = X\. The numerical estimates of these parameters, reported in
Panels B and C of Table 5, are in exact agreement with this theoretical result. In Panel B, where risk
aversion is allowed to increase only, the ranking that bonds dominate stocks is always preserved,
regardless of how risk-averse the decision-maker becomes, whereas the ranking that stocks dominate
bonds is maintained only when risk aversion increases within a limited range, with the critical
threshold A, exactly matching the critical threshold A in Panel A. In Panel C, when risk aversion
moves in the opposite direction, the results show a diametrically opposed trend. Taken together,
Table 5 demonstrates that the preference for stocks is affected only when risk aversion increases,
while the preference for bonds is affected only when risk aversion decreases.

Finally, by mapping the parameters defining the maximum allowable deviation to bounds on
probability premia in simple lottery choices, the decision-maker can assess whether their observed
preference fluctuations fall within the range permitted by the ranking. For illustration, consider
the case where the benchmark utility function has -, = 2, the investment horizon is 24 months,
and deviations from the benchmark are symmetric. With the initial wealth normalized to one, the
decision-maker makes choices between

3 2.5

5(1+q) s(1+4q)

and

J=a 15 =™ o,

The benchmark utility function implies a probability premium of 0.43. According to Proposi-
tion 2, the lower and upper bounds on probability premia corresponding to A = 2.05 are 0.10
and 0.67, respectively. Thus, an observed probability premium within [0.10,0.67] suggests that
the decision-maker’s preference variation is within the permitted range, ensuring the ranking’s
robustness to their preference uncertainty. Conversely, a probability premium outside this range
invalidates robustness. The decision-maker can elicit their preference variation more reliably by
making a series of such choices, as demonstrated in Section 2.2, and then check the robustness of

the ranking by comparing the elicited A with \.
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7.2. Results Ranked by BSSD

To demonstrate the application of BSSD, we focus the analysis on A\; = Ay = A for simplicity. The

fact Bz > Ejr implies F\" (b) < G (b). Substituting this into Theorem 2, we obtain that when

Ev(Zr) > Ev(gr), the maximum value of A for T (v, A\, A\, pi1, 2)-BSSD g is

=" @G (@) - P ()] de + S (G (b) — B (0)] 4
L= @) [Fr () - G (2)] s da

A=

i

and when Ev(gr) > Ev(Zr), the maximum value of A for gr (v, A\, A, pi1, p12)-BSSD Zr is

St L= (@)][F) (2) = GY (2)]. dx

a

Jo =0 @)][GF (x) = Fi (2)) s da + puv' (0)[GF (b) = F (0)] 4

, provided AT > 1.

Otherwise, if AT < 1, u; is so large that no valid A exists for 7 (v, A\, A, i1, 12)-BSSD Z1.

Table 6 presents the estimates of A and AT, considering only risk-averse benchmark utilities with
Yo €{1,2,...,8}. Panel A corresponds to the case where p; = uy = 1, which reveals a pattern similar
to that observed in Table 5. Specifically, when the benchmark utility has low relative risk aversion
and favors the stock portfolio, A increases broadly with the investment horizon. Conversely, for
benchmark utilities with high relative risk aversion and preferring the bond portfolio, A initially
increases with the investment horizon but declines once the horizon exceeds a certain length. Panel
B sets p1 = ps = 0o, implying that the risk aversion level at x = b can take any arbitrary positive
value. Under this condition, A becomes smaller than its counterpart in Panel A, indicating that
relaxing the endpoint constraint entails tightening the constraint on the interior. Meanwhile, \f
is not definable, because the preference for bonds reverses as the allowable deviating function
w=v + kx becomes risk-neutral when k > 0 tends to infinity. Panel C estimates A and Af for the
hypothetical scenario where the decision-maker’s relative risk aversion at x = b is elicited to be
within [1,10]. This translates to j; =, and py = 10/7,, both of which are finite. Then both A and
A are valid and smaller than their counterparts in the case where pi; = iy = 1.

The parameters defining the maximum allowable deviation in Table 6 can also be mapped to
bounds on probability premia in simple lottery choices, allowing the decision-maker to easily assess
whether their observed preference fluctuations fall within the permitted range. Consider again the
case with a benchmark utility function of «, =2 and a 24-month investment horizon. With the

initial wealth normalized to one, the decision-maker makes choices between

11 +q) 3 L(1+4q) 3+ [—0.5;0.5]

and

1
2

2+ [-0.5;0.5]

1
2
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Note: Numbers without the superscript { correspond to stocks dominating bonds, and numbers with a superscript |

correspond to bonds dominating stocks. The symbol - indicates that valid values do not exist.

The benchmark utility implies a probability premium of 0.56. According to Proposition 8, the lower
and upper bounds on probability premia corresponding to the critical value A =2.91 in Panel C
are 0.09 and 0.82, respectively. Thus, if the relative risk aversion at x = b lies within [1,10], then
an observed probability premium within [0.09,0.82] suggests that the decision-maker’s preference
variation is within the permitted range, indicating the ranking’s robustness. Conversely, premium

fluctuations outside this range invalidate robustness. The decision-maker can make a series of

Table 6 Maximum allowable deviation for BSSD to hold
Investment horizon o
1 2 3 4 5 6 7 8
A. The maximum value of A for (v, A, A, 1,1)-BSSD to hold
1 month 6.87 3.09 1.85 1.25 1.12f 1.50" 1.96" 2.52f
6 months 823 3.30 1.75 1.04 1.56" 245" 3.821 5.987
12 months 8.79 3.17 1.48 1.34" 2.65" 5.39" 11.597 26.617
24 months 10.53 3.13 1.13 2.467 7.49" 25.60"7 97.617 404.88T
48 months 19.47 4.91 1.53 2.08" 6.947 24.73" 93.717 372.14%
60 months 28.00 7.18 2.41 1.14' 3.07" 8.33" 23.16" 66.171
B. The maximum value of A for (v, \, A, 00,00)-BSSD to hold
1 month 5.21 291 1.83 1.24 - - - -
6 months 6.11 3.09 1.72 1.03 - - - -
12 months 6.39 294 145 - - - - -
24 months 743 2.86 1.10 - - - - -
48 months 12.82 4.36 1.47 - - - - -
60 months 17.74 6.26 2.30 - - - - -
C. The maximum value of A for (v, A\, A, 7y, %)—BSSD to hold
1 month 5.38 295 1.83 1.24 1.12f 1.507 1.967 2.52f
6 months 6.32 3.13 1.73 1.03 1.55" 245" 3.821 5.987
12 months 6.63 2.98 1.46 1.321 2.64t 5.38" 11.59" 26.61f
24 months 7.74 291 1.11 2.41% 7.43" 2553t 97.52F 404.77t
48 months 13.49 4.47 1.49 2.01" 6.84" 24.60" 93.54% 371.91f
60 months 18.77 6.44 2.33 1.09" 3.017 8.27f 23.10" 66.11F

similar choices as demonstrated in Section 2.2 to better infer their preference variation.



33

8. Conclusion

Utility function and stochastic dominance are two widely used tools for comparing risky prospects.
They represent two extreme ends of the expected utility framework: the former yields a total order
but is sensitive to model specification, while the latter is model-free but often too narrow in scope
to be practically useful. To enhance flexibility, we propose an integrated approach—benchmark-
based stochastic dominance—as a smooth interpolation between these two extremes. It uses a
single utility function as a benchmark to describe an individual’s preference while incorporating
the principle of stochastic dominance by allowing deviations from the benchmark within a defined
range. The bounds on utility deviations are deliberately designed to be both interpretable and
elicitable, facilitating a closed-form expression of the consensus on the ranking of risky prospects.
Benchmark-based stochastic dominance not only enables users to rank risky prospects according to
the benchmark utility function but also evaluates the robustness of the ranking to varying levels of
preference uncertainty. A case study comparing stocks and bonds for different investment horizons
illustrates its application. As a product of this integration, benchmark-based stochastic dominance
encompasses existing rules of almost stochastic dominance and fractional degree stochastic domi-
nance as special cases, providing a unified perspective on these rules.

The expected utility framework has spawned diverse applications over decades, from constructing
efficient portfolios (Levy and Sarnat 1984), to studying risky behavior (Eeckhoudt and Schlesinger
2008), to solving optimization problems (Zhang and Homem-de Mello 2017). Yet in these applica-
tions, utility function and stochastic dominance have typically been used separately, often without
meaningful integration. Benchmark-based stochastic dominance preserves the precision of utility
function in capturing key patterns of individual preferences, while leveraging the non-parametric
strength of stochastic dominance to handle personalized preference variations. We therefore expect
that benchmark-based stochastic dominance, as a novel semi-parametric approach, can facilitate
the integration of utility-function-based and stochastic-dominance-based analyses to deliver more
comprehensive insights across various applications.

While we have briefly introduced the procedure for eliciting the critical parameters in benchmark-
based stochastic dominance using simple lottery choices in laboratory experiments, an important
task for future research is to develop methods for estimating these parameters from real-world
data, possibly building on Huang et al. (2021), who estimated the parameters in almost stochastic
dominance from insurance deductible choices. Finally, our study is situated within the univariate
expected utility framework. Extending our approach to multivariate utility frameworks (Miiller
et al. 2025) or non-expected utility frameworks (Cerreia-Vioglio et al. 2016) could be promising

avenues for further investigation.
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Appendix
In the proofs, we rely on Lebesgue-Stieltjes integrals, which generalize Riemann integrals and

coincide with them under standard regularity conditions.

A. Auxiliary Lemmas

LEMMA Al. Let[a,b] CR be a bounded interval. Suppose f and g are right-continuous of bounded
variation on [a,b]. Then the Lebesque-Stieltjes integrals [’ f(x)dg(x) and [’ g(x)df(x) are well-
defined and finite. If f or g is continuous, then

[ s@yg@r+ [ g@dr(@) = 10)9(0) ~ F@)gta)

Proof. The stated integration-by-parts identity appears verbatim in Theorem 3.36 of Folland
(1999). A more general version that allows for discontinuities in both f and g, along with a complete

proof, is provided in Carter and van Brunt (2000). O

LEMMA A2. Let [a,b] CR be a bounded interval. Suppose « is a monotone decreasing function
and B is a Lebesgue integrable function. If there exits a finite number m <0 such that fcf B(x)dx >m
for all t € [a,b], then [’ a(x)B(zx)dx > a(b)( [ B(z)dx —m) + ala)m.

Proof. The set of discontinuities of « is at most countable. Define @(z) = a(x+) =lim, ., a(y)
for x € [a,b), and set @(b) = a(b). Then @ is right-continuous and decreasing. Moreover, both «
and @ are differentiable almost everywhere, and satisfy o/(x) =@'(z) almost everywhere (Folland
1999, Theorem 3.23). Since f3 is Lebesgue integrable, the function z — [;” 3(y)dy is continuous and
of bounded variation. Applying Lemma A1l with f(z) =a(z) and g(x) =[] 5(y)dy — m yields

b

[ a@p@yz= [ a@pwyiz= [ a@ds) =a0)90) + a@m— [ o))

a

By the Lebesgue-Radon-Nikodym theorem, the signed Borel measure associated with da admits a

unique decomposition into an absolutely continuous part and a singular part. This yields

[ @) = [ g @r+ X gl @) - atw-) <o,

z, €
where 2 is the countable set of discontinuities of @. The proof is completed by substituting a(a)

<
a(a), a@(b) = a(b), m <0 and [’ g(x)da(z) <0 into the integration-by-parts identity above. O

LEMMA A3. Let [a,b] CR be a bounded interval, and ¢ € (0,1),k € R be constants. Suppose [3 is

a Lebesgue integrable function. If
t b
/ ﬁ(w)dat—i—é/ B(z)dz + 6k >0 for all t € [a,b],
a t

then [ a(x)B(x)dz+a(b)k >0 for all monotone decreasing functions o with a(a) =1 and a(b) > 4.
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Proof. Substituting [’ 8(x)dx = [’ B(z)dx — [ B(x)dz into the condition gives [’ B(z)dz >m
for all ¢ € [a,b], where m = — 2 [? B(x)dz + k). Applying Lemma A2, we obtain

b b

/ja(x)ﬂ(w)dm+a(b)k >a(b) (/ 5(x)dw—m> +m+a(b)k = a(b) (/ B(w)dw—i—k) +m( - a(b))

b
>6 (/ B(x)dm+k> Fm(1—8) =0,
where the final inequality holds because m <0, which is implied by the assumed condition. O

Cram Al. Let v € Uy be a benchmark utility function, and let the cdf of T, denoted as Fr,
cross the cdf of yr, denoted as Gr, exactly once from above. When using BFSD to rank Zr and
Ur, if Bv(Zz) > Eu(jr), then A\ = oo and Ay = \; if Bv(jr) > Bo(ir), then Xl =X and M = co.

Proof. 1f Ev(#r) > Ev(§r), then [’/ (2)[Gr(x) — Fr(z)]dz > 0. By the single-crossing property,
Q= {tela,b]: [0 (x)[Fr(z) — Gr(x)dz >0} =0 and A\, = co; Qy = {t € [a,b] : [\ V' (2)[Fr(x) —

b
_ . V' (2)[Gp (z)—Fr(z)]dz

G d 0} # d \; =inf L
T(l')] T > } Q) an 2 NIteq, f:v’(x)[FT(w)—GT(ﬂ)]dx

> 1. Moreover,

d. - 1 !
g 1082 = [Fr(t) = G (1) ( [T (@)[Gr(z) — Fr(x)de  [1v'(2)[Fr(z) - GT@)]de) |

indicating that X, first decreases and then increases, attaining its minimum at the crossing point.
[2 v @)[Gr(2)—Fr(2))4 do
[ v @)[Pr(2)-Gr(2)) 4 d

Consequently, A, =

= \. The case Ev(§ir) > Ev(Zr) follows by symmetry. [

B. Proofs of Main Results
Proof of Proposition 1. The proposition follows by substituting u'(x)/u’(y) = exp([? A, (t)dt)
and v'(z)/v'(y) = exp([) A,(t)dt) into condition (1). O
Proof of Proposition 2. Since v’ and v" are continuous, the analysis can be restricted to x,y €
(a,b). Abbreviate q,,(z,y; k) as g,,. For w =u,v, (14¢,)[w(y) —w(y—k)] = (1 —q,) [w(z) —w(z—k)].
Dividing the corresponding terms on both sides yields
1+qu [u(y) —U(y—k)] _1-q [u(w) —u(z—Fk)
I+q Lo@y) —vly—k)] 1—qu Lv(z) —v(z—Fk)

Using the mean value theorem and rearranging the terms, we obtain for 6,,6, € (0,1) that

(14+qu)/(1—qu) _ w'(x—0:k)/u'(y — 05k) (A1)

(1+¢)/(1=q) v(z=0:k)/v(y—b2k)
Based on this equation, we claim that w € Uy (A1, A2) if and only if

for all z,y,k such that a <z —k<x <y —k <y <b. The “if” part can be seen by letting k£ — 0,

which implies (1) through (A1). The “only if” part follows by applying (1) with z — 6,k <y — 60,k
to (A1). The proof is completed by noting that (A2) is equivalent to &(g., ﬁ) <qu<&(qu,N2). O
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Proof of Theorem 1. To prove the “only if” part, let 4(x) be a specific utility function satisfying
( min{1,\;/\;}, if 2 <t and F(z) > G(z),
1/A, if z <t and F(z) < G(x),

>
=
8
S~—
———

(
)
min{1,\;/Xo}, if x>t and F(z) > G(x),
L1/As, if 2> and F(z) < G(x).

Then, @ € U(A1, A2) and condition (2) is equivalent to Ea(z) > E (~) for all 4 as t varies over the

u

entire interval [a, b]. To prove the “if” part, we normalize sup{ :a<y<b}=1and assume \; <

’U

2. Let ¢, () = sup{ Z,E;’g cx<y<b}and p,(x) = sup{z,(y) a § x} Then, ¢, () is decreasing in

x, ¢, (x) is increasing in x, and condition (1) is equivalent to u/(z) /v (x) > max{rl¢u(x), ;—Qcpu(x)}

for all z € [a, b]. Noting that max{¢,(x), p.(x)} = sup{“ a<y< b} is independent of z, ¥, (x) =

’(y

max{¢,(x), %‘Pu ()} is decreasing in x with ,(a) =1 and v, (b) > <, and condition (1) becomes
L) <) @) for all @ € [a,b]
Alux_v’(x)_ux or all x € [a, b].

By integration by parts, we obtain
Bu(@) - Bu(i) = | 5 5 1G) - Pl ()i
> [(0u@) (516@) - @), - [F@) - G, ) v @)

Applying Lemma A3 with § = )\—1 k=0, a(x) =,(z) and B(z) = (5-[G(x) — F(x)]4 — [F(z) —

A1
G(z)]+)v'(x) to the last integral in this inequality yields Eu(Z) > Eu(g) under condition (1). The

alternative case A\; > Ay can be handled symmetrically. O
Proof of Proposition 3. The first result follows by substituting u”(x)/u"(y) = exp( [ P,(t)dt)
and v”(z)/v"(y) = exp( [ P,(t)dt) into condition (5). By the mean value theorem, we have
CACO T CON O AN E OB 0) B RO S
v'(z)  Lv'(z)] v'(b) v'(z) ] v(z) =o' (b)  Lv'(z)] v'(b) v'(z) ] v"(¢)

for some (¢ € (z,b). Hence,

w'(x)/u"(x) [w'(b) /u” (B)][u” (b) /u” ()] {1_ v'(b)
v'(z) /0" (z) [v'(b)/v" (b)][v" (b) /0" ()] v'(x)
. u' (b)/u u' (b)) /u" (z ) /u (x
If u satisfies (5) and (6), then /% < 7@,8;”,,(( ) < 11, AQ < 71),,8;“,,((@)) A1 and é < 7,,8;”,,((@) A1
Substituting these bounds into the previous expression establishes the second result. O

v'(b)
v'(x)

Proof of Proposition 4. By the mean value theorem, we have

u'(z) [v’(y)] wly) {1 v'(y) U’(:E)—U’(y) _ [v’(y)] u'(y) v'(y)

+[1—

L
u'(y)  [v'(b)] o A Y b:v’b u' (b ~u(b) ] u(&
ww‘[@JW@ ! v@]<w o (0) LwJW@+waJW@V (A4)
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where (; € (z,y) and (; € (y,b). By (A4), v,(y) lies in between ,(b ) and Mﬁjﬁ Comparmg ,, w1th
u'(b)

u'(b) o~ 1 v ) ~ u($) " (b) ") "(¢1)

) We obtain A RO < /\1 (D) S G S < A2 (D) < Agpn= ) from (5) and (6). Comparmg )
() 1 uw'(¢) Cl) u”($2) 1 v (y)

with ey We obtain A () <y e = < Ay () from (5). ap vy) =

u' (C1) (y) u/(y) (L) (y)
PRI /\Q,ug 7 . Substituting it into (A3), we conclude that k o v,(y) < ) S < Agla= ,(y) O

Proof of T heorem 2. To prove the “only if” part, let @(x) be a specific utility function satisfying
[ min{1,\y/\}, if z <t and FO(z) > GV (z),

1/\y, if <t and FY(z) < GV (z),
)= GY(x),

L1/Ay, if 2>t and FO(2) < GV (),
)

with @/(b)/v'(b) = pa”(b)/v"(b) = pymin{l,\;/\o} if FO(b M (b) and @'(b)/v'(b) =
(1/p2)t”(b)/v"(b) = 1/(Agp2) otherwise. Then, @ € Uy (A1, Ag; i1, p12) and condition (7) is equivalent

min{1,\;/A;}, if 2>t and FY (x

>

/\\

8

S—
[RREA Trep—

to Ea(z) > Eda(g) for all 4 as t varies over the entire interval [a,b]. To prove the “if” part, assume

sup{3 u// y ra <y <bl=1and A\ < \y. Let ¢, () =sup{ :}‘:ZEZ’? cx <y <b} and ¢, () =sup{ “Zéz;

a<y S ac} By an argument similar to that in the proof of Theorem 1, 1, (x) = max{¢,(z), 2 Sou(z)}

is decreasing in x with ¢, (a) =1 and ,(b) > i—; Condition (5) becomes

le) < )
By integration by parts, we obtain
Bu(@) - Bu(i) = | ) | Y0160 0) - FO0) + |

Invoking condition (6) and substituting lei/)u(b)

<1, (x) for all x € [a, b].

Bu(@) ~Bu() 20,0 () (56 0) ~ FOO)L. =l PV () -6V b))

+ [ @l @) (0@ - FO@), - PO ) - 60 (@), ) de.

Applying Lemma A3 with 6 = :\\—;, k= v’(b)(rluz[G(l)(b) — FO®B)] . — 1 [FOB) =GV ()]4), ax) =
Yu(x) and B(z) = [-v" (2)](5;[GV (@) - FO(@)]4 — [FD(2) - GV (2)]4), we obtain Eu(z) > Eu().
The alternative case A; > A, can be handled symmetrically. O

Proof of Proposition 6. The first result follows by substituting «™)(z)/u™(y) =
exp([Y ANtV ()dt) and v (z) /v ™) (y) = exp([Y ANV (¢)dt) into condition (9). Condition (10)

AN (n)
L < ?N)(b) 1 < A(n ®) <
H2N -3 A (b) H2n—3H2n A (b)

< pon_opton—1 for n =2,...., N — 1. For

implies < fon_o, and

1)
ue Uy, W)éb) €(0,1) for x < b and by the mean value theorem, we have

WD) [o @) u ) [ o) ] a0 () a0
V() Liw)(a:)} RO - - 1>)<x>} () —u0)
VG| W) [ )| u(Q)
=St v [ s e
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for some ( € (z,b). Hence,

AP (x) {v("‘”(b)} {AS’”(b)} u(b)/u(x) {1 v("‘”(b)} ul™ Q) /v ()

A0 Lo @)] [a00)] @0 N @) ] v @)
If u satisfies (9) and (10), substituting # < AT o L < v A1 and

= S A S N8 5 S WM S
WM (&) /™) (g
/\—12 < W < \; into the above 1dent1ty establishes the second result for n = N. For
S S
( )#21\77(4#21\7—3 -
N-1 N-1
1wV (@)

n < N — 1, we appeal to the results stated in Proposition 7. Substituting
AN D) 1 uN D () /N (@)

AN () S HaN-sH2N -2, A2pan—2 — vN=D () /oN-1(z) = < Atpan—3 and A2poN—2 — v“(V)l)(()/u(N—l)(m) <
A1pton_3 establishes the result for n =N — 1, and substituting ;H% - < iWEZ; < Hon—3H2n,

u (b) /u" ()
,\w% Hk 1l Jigy 1pign = m(,,)/v(n)(x) < Aifion— 1Hk nt1 M2k—1 M2k and szn Hk n+1 Jior 1 1ian <

uM(Q)/u (@)
W) /o () =
Proof of Proposition 7. The argument in Proposition 4 shows that u € UY (A1, Ag; ft1, vy flan—2)

o W(N=1) 1, W(N=1) ) .

implies /\1“21N e 1)8; < U(N 1>Ea:) < Aofian— 2u(1\’1>§z§‘<Mo;fmg to next lower o(rder) we derive
(N=1) p N1 (g N-1

from condition (10) that —MQN_;“QN_Q U(N_Q)Eb§ < _u(N_iQ)Eb; < —HaN-afaN-— 3(1\772)&,) Apply-

< Ailan_1 Hk g1 Mok—1por establishes the results forn=2,....,N — 2.

. . e . . 1 uN=2) (4 uN=2) ()
ing the argument in Proposition 4 again, we obtain NN sraN aran 2 oD () S s () S
(N=2) . .

Ao fboN —afbaN —3 b2 N_Q&N_imézi. The result for all lower orders follows by induction. O

Proof of Proposition 8. Let H,, and Hp, denote the cdfs of Ay and By, respectively, and let
¢w be short for g, (z,y; An, By). To verify the behavioral characterization of (9), note that

1+q, [Eu(y + By) _EU(?J‘FAN)] _ 1—qu [EU(SH‘BN) —Eu(z+ Ay)
14+q, |[Ev(y+ By) —Ev(y+ Ay) Ev(z+ By) —Ev(z + Ay)

Since u™) and v™) are continuous, the analysis can be restricted to x,y € (a,b). By integration by
parts, Eu(y + By) — Eu(y + Ay) = (=N [77uM (y + 2)[HY "V (2) — HY'(2)]dz, and similar
expressions hold when w is replaced by v and y is replaced by z. Using the mean value theorem

and rearranging the terms, we obtain for some z;, z, that

(1+¢)/(1—qu) _ ™M (z+2)/u™M(y+2)

= . A5
(/1= a) v @t )/t 2) 49
Based on this equation, we claim that u € Uy satisfies condition (9) if and only if
1 1 1-—
— < (1+q.)/( qu) <A (A6)

A1 (1+QU)/(1_Q1))

for all a <z <y <band all Ay, By bounded by min{x —a,b—y, (y —z)/2}. The “if” part follows
by letting k& — 0, which implies (9) through (A5). The “only if” part follows by applying (9) with
x4z <Y+ 22 to (Ab). The characterization of (9) is completed by noting that (A6) is equivalent

to £(qu, -+ 57) < @u < €(qv; A2). The characterization of (10) can be verified in a similar manner. [
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Proof of Theorem 3. To prove the “only if” part, let 4(x) be a specific utility function satisfying

( min{1, Ao/ N}, if 2 <t and FN Y (z) > GVY(z),

aM(z) | /A ife<tand FYY(2) <G Y(a),

o™ (@) ) ming1, A /A0}, if @ > ¢ and FOD(2) = GV (),

’______/\______

1/, if x>t and FY Y (2) <GV V(2),

together with @™ (b) /v™(b) = pon_ 14N (b) /o) (B) = pg,_ 1 min{1, A\ /Xo} if F™(b) > G™(b)
and 4™ (b) /v™ (b) = (1/ g, )a™ (b) /0™ (b) = 1/(Aapta,) otherwise for n=1,...,N — 1. Then, @ €
Ux (A1, Ag; 1y .oy oy —2) and condition (11) is equivalent to Ea(Z) > Ea(y) for all @ as t varies over

. . . wY)
the entire interval [a,b]. To prove the “if” part, assume sup{:; N)Ezi

ca<y<b}=1and A\ <\,.

Let ¢, (z) =sup{ U(N)éy) x<y<b} and p,(z)= sup{zgigi :a <y <z} By an argument similar
to that in the proof of Theorem 1, ¥, (z) = max{¢,(x), i—;gou(x)} is decreasing in x with ¢, (a) =1
and 1, (b) > % Condition (9) becomes

1 (V)
~u(a) < Z( Eg <, (2) for all z € [a,b].
By integration by parts, we obtain

N-1

Bu) - Bui) = 3. (-1 | S5 ] o i o) - Fo)

b Ty (g
+ : L)(N)Exﬂ (—1)N M () [G(Nfl)(x) _F(N71)(x)] de.

) . W) W) W)
Invoking condition (10) and substituting 5——1,(b) < Ml) v<N)EZ)) < U<")Eb§ < iz >EZ§ <

tan—11,(b) for n=1,..., N — 1 into the above gives

Eu(z) — Eu(g)

20,0 Y (<10 0) (55— [670) = FO WL = s [F0) GO0 )

n=1

+ [ @D @) (56 @) - Y@ - YD) - 6O (@), ) da

Applying Lemma A3 with § = ;—;, k= XN =1 o™ (b) (i

s [G(b) — FM(B)) —
pana[F () = G (D)]1), afx) =¢u(z) and B(z) = (-1)¥ o™ (@) (3 [GW D (@) - FY-D ()], -
[FN=D(z) — GV~ (x)];), we obtain Eu(Z) > Eu(g). The alternative case A\; > A\, can be handled

symmetrically. O
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C. Benchmark-Based Convex Stochastic Dominance

For N > 2, utility functions exhibiting convex preferences form the set

Un = {u: u™ (x) >0 for all x € [a,b], n=1, ...,N}.

DEFINITION Al. For N >2, let v € Uy be a benchmark utility function and A, A, ft1, ..., flay—2 >
1 be finite constants. We say that u € Uy belongs to UY (A1, Ag; ft1, ..., lan—2), Meaning that its
deviation from v is bounded by [1/A1, Xo] X [1/ g1, o] X <+ X [1/pan—3, flan—2], if it satisfies

1 vW™M(z)  uW™M(2) v (2 _
IU(N)(:U) < W™ (y) < Ao o (y) for all z,y € [a,b] with z <y and
1 vW™(a)  u™(a) v (a)

IN

forn=1,....N —1.

o 0 (a) ~ ut(a) = e (a)

We say that £ dominates § by benchmark-based N th-degree convex stochastic dominance parame-
terized by (v, A1, Ag, fi1, ..., lan—2), denoted by & (v, A1, Ag, ft1, ..., plan—2)-BNCSD g, if Eu(Z) > Eu(g)
for all u € Ug (A1, Agj fhays ey lan—2)-

The formulation of deviations parallels that within Uy, with the endpoint conditions now

imposed at x = a. The results below follow from the same arguments as for concave preferences.

PROPOSITION Al. For N > 2, let v € Uy be a benchmark wutility function and

A1, Aoy e, -eny oy —2 > 1 be finite constants. Then, any u € U}\’, (A1, Ags oy ooy an—2) also satisfies

1 oW ()  uN(z) vV (x .
Mo 0T () < () < AguzN,gm for all z,y € [a,b] with x <y and
1 v Y(a)  uWNV(a) v (q)

< < Lo, g =1,...N—1.
pon—1pion—2 v™(a) ~ u(a) = Hanfan=s v (a) forn

For a generic cdf H, define H® (z) = H(x) and H™ (x) = [> H"=V(t)dt iteratively for n > 1.

THEOREM Al. For N > 2, given a benchmark utility function v € Uy and 2N finite constants
)\17 )\2,,[1,1, ey UON—2 Z 1, T (’U, )\1, )\2,/1,1, ...,,UJQN,Q)—BNCSD g Zf and O’I'Lly ’l,f

min {1, i\\j} [lt oM (2)[FN V() = GV (2)] 1 da
+ min {1, i\\l} [)U(N) () [N (z) = GV (2)] 1 da
<t [ HO@IEN @) - P @+ 5 [ @6 @) - F @) de
@G (@)~ FO@) = X e min {1,521 @F (@) - G @,

1

_l’_

=1 A1 fhon

for all t € [a,b], where F' and G are the cdfs of & and y, respectively.
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